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Abstract. Objective: A common approach in modelling extracellular electrical
stimulation is to represent neural tissue by a volume conductor when calculating the
activating function as the driving term in a cable equation for the membrane potential.
This approach ignores the cellular composition of tissue, including the neurites and
their combined effect on the extracellular potential. This has a number of undesirable
consequences. First, the two natural and equally valid choices of boundary conditions
for the cable equation (i.e. using either voltage or current) lead to two mutually
inconsistent predictions of the membrane potential. Second, the spatio-temporal
distribution of the extracellular potential can be strongly affected by the combined
cellular composition of the tissue. In this paper, we develop a mean field volume
conductor theory to overcome these shortcomings of available models. Approach: This
method connects the microscopic properties of the constituent fibres to the macroscopic
electrical properties of the tissue by introducing an admittivity kernel for the neural
tissue that is non-local, non-instantaneous and anisotropic. This generalises the usual
tissue conductivity. A class of bidomain models that is mathematically equivalent to
this class of self-consistent volume conductor models is also presented. The bidomain
models are computationally convenient for simulating the activation map of neural
tissue using numerical methods such as finite element analysis. Main results: The
theory is first developed for tissue composed of identical, parallel fibres and then
extended to general neural tissues composed of mixtures of neurites with different
and arbitrary orientations, arrangements and properties. Equations describing the
extracellular and membrane potential for the longitudinal and transverse modes of
stimulation are derived. Significance: The theory complements our earlier work,
which developed extensions to cable theory for the micro-scale equations of neural
stimulation that apply to individual fibres. The modeling framework provides a number
of advantages over other approaches currently adopted in the literature and, therefore,
can be used to accurately estimate the membrane potential generated by extracellular
electrical stimulation.



1. Introduction

1.1. Background and Motivation

Extracellular neural stimulation is used in a wide variety of neuroprosthetic devices
to restore lost neural function or treat medical conditions. Examples include cardiac
pacemakers, cochlear implants, some prosthetic limbs, bionic eyes and deep brain
stimulators for the treatment of Parkinson’s disease or epilepsy (e.g. [1-10]). Novel
strategies for electrical stimulation have improved outcomes for patients, for example
by using new stimulus waveforms or by employing novel temporal or spatial patterns
of stimulus pulses. However, the effect of spatial and temporal interactions between
electrodes on neural activity can be difficult to predict without the use of accurate
models. As a result, electrical stimulation of excitable cells has attracted considerable
attention during the past few decades from modelers as well as theorists [11-19].

In this paper, we consider from a theoretical perspective, how the cellular
composition of tissue affects extracellular electrical stimulation.  Neural tissue
is composed of tightly packed cells, neurons and glia, forming a matrix that
is highly heterogeneous on a microscopic scale (see Figure 2(a)). Membranes
partition the extracellular space from the intracellular space, and each of these
components (membranes, extracellular space and intracellular space) have distinct
electrical properties. The electrical impedance of cellular membranes is high compared
to that of the extra- or intra-cellular space. It also contains capacitive as well as
resistive components, in contrast to the extra- and intra-cellular space, which are purely
resistive. The extracellular space is extremely confined, with a width in the range of 20-
70nm (see [20-23]), which leads to a high effective resistivity for current passing through
this space (for a vivid visualisation of this see [24] and the associated video). By contrast,
the intracellular space is comparatively wide, with neurite diameters ranging from 0.5
pm for axons to many micrometers for dendrites. This results in comparatively low
effective resistance in the direction along the neurite, allowing relatively easy passage of
current in this direction, but only once the current has passed across the high impedance
membrane.

Classic approaches to modelling extracellular electrical stimulation of tissue have
largely ignored the effect of these microscale inhomogeneities. Two of the main modelling
approaches are 1) a volume conductor approach and 2) a bidomain approach. Implicity
or explicitly these approaches have assumed that these inhomogeneities can be locally
averaged over space to give a spatially smooth description without significantly affecting
the overall flow of current or the distribution of potential in the tissue. However, a
derivation of these equations that explicitly involves spatial averaging has never been
carried out, to the best of our knowledge. Here, we present such a detailed spatial
averaging analysis that takes into account the locally heterogenous composition of
tissue, including cellular geometry. The results lead to new forms for the standard
equations for extracellular electrical stimulation of tissue, and suggest that the local
heterogeneous microstructure of tissue significantly affects the global distribution of
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potential and current density within the tissue. We begin by summarising the two classic
modelling approaches; we review the strengths and weakness of each as background and
motivation to the modelling framework presented here. Then we present a framework
that unifies and builds upon these two approaches, and which takes into account the
cellular composition of tissue.

1.2. Volume Conductor Models

Volume conductor-type models most frequently employ a two-stage approach [25]. Stage
1 involves the volume conductor model itself, which is a macroscopic description of
the extracellular electrical potential and current flow through tissue from a set of
electrodes. A defining feature is that the electrical properties of the tissue are described
by its bulk conductivity, which is assumed to be smooth and homogeneous on a
microscale. A Laplace-type equation governs the extracellular potential, which is the
result of combining Ohm’s Law and Kirchoft’s Law in the form of partial differential
equations [26]. Stage 2 calculates the membrane potential of a neurite at the microscopic
scale. This is done by calculating either the extracellular potential or the extracellular
current density on the outer surface of the neurite, as calculated from Stage 1, and
then applying it to an equation to determine the membrane potential of the cell. Most
typically, this is a cable equation, which describes activation of the cell via a longitudinal
mode [11], in which current passes into the neurite and then along it as illustrated in
Figure 1(a). Alternatively, activation could be via a transverse mode, in which current
passes across the neurite, and which is described by an ordinary differential equation
in time [25,27]; the first two modes of transverse stimulation are shown in Figures 1(b)
and 1(c).

This approach is reasonably straight-forward and is computationally efficient
because it breaks the macroscopic and microscopic scales of the problem across the
two stages, thus avoiding the need to perform a microscopic scale discretisation of the
problem across a macroscopic spatial extent. However, it ignores the effect of the neurite
itself on the extracellular potential, for the simple reason that the volume conductor
model does not contain any model of the neurite [28]. While this effect has sometimes
been assumed to be of minor importance, we recently showed that it can lead to large
internal inconsistencies [29]: widely discrepant answers for the membrane potential
result depending on whether current density or voltage is extracted from the Stage 1
volume conductor model to apply to the neurite equations in Stage 2. Furthermore,
qualitatively different answers can arise between the two types of boundary conditions,
whereby neural activation is predicted to occur via the longitudinal mode in one case
and the transverse mode in the other.

Intuitively, this discrepancy arises because the two stages of the model are
not consistent with each other. This can be understood in terms of the electrical
transimpedance of the neurite, which characterises the relationship between electrical
potential and the current density on its surface. The neurite in Stage 2 has its
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Figure 1. Visualisation of different components of stimulation characterised by an
integer, n. (a) n = 0 represents the case where current flows internally along the neurite
and is referred to as the longitudinal mode, (b) n = 1 is the first component of the
transverse mode of stimulation where one side of the neurite is depolarised (red online)
while the other side is hyperpolarised (blue online) relative to rest (green online), (c) for
n = 2 two parts of the neurite are depolarised and two parts are hyperpolarised. See
Table 1 for the mathematical description of n

own electrical transimpedance, which is typically different to the transimpedance of
a corresponding volume in the volume conductor model. The mismatch between the
Stage 1 and Stage 2 transimpedances gives rise to the inconsistency (i.e. answers that
depend on the boundary condition type). A Stage 1 volume conductor model with
electrical impedance that was derived from the transimpedance of the tissue’s cellular
constituents would resolve this inconsistency and more accurately model the tissue’s
electrical properties. i

1 Potentially, this inconsistency can be overcome by placing a model of a single neurite in the volume
conductor and calculating the extracellular potential, current density and membrane potential using
this single model. By definition, this leads to a membrane potential that is independent of the type of
boundary condition applied (i.e. consistent). However, because this model contains both microscopic



1.8. Bidomain Models

Bidomain models were originally developed to model cardiac tissue, but have since
been extended to model neural tissue in the central nervous system. By contrast to
volume conductors, bidomain models naturally avoid internal inconsistencies because
all quantities are calculated in a single-step model. Bidomain models use two electrical
continua (essentially two volume conductors): one to represent the extracellular space
and another to represent the intracellular space. These domains are coupled together by
the flow of current through a spatially continuous membrane [32,33]. A key point of this
approach is that the extracellular, intracellular and membrane continua are all present at
every point in space. Thus, the cellular geometry of the neurons and surrounding tissue
is not modelled. This allows bidomain models to be computationally efficient. However,
it has also been a weakness of bidomain models, as their ability to capture effects related
to the microstructure of tissue and cellular geometry has been unclear (e.g., the ability
to model the approximately-cylindrical shape of neurites).

In [34], a variant of the bidomain approach, referred to as the ‘whole finite
element’ approach, is introduced. This three-dimensional model takes into account
the morphology of the neurites under stimulation and uses a thin-film approximation to
link the intracellular and extracellular boundary conditions.

1.4. Aims of the Paper

In this paper, we present a class of two-stage volume conductor models that accounts
for the cellular composition of neural tissue. Essentially, this is achieved by matching
the electrical transimpedance of a neurite to that of an equivalent volume in the
volume conductor model. Critically, the approach can capture the effects of the cellular
composition of tissue because the electrical transimpedance has the remarkable property
of capturing not just the surface electrical properties of the neurite, but also its full
internal electrical properties, including three-dimensional geometry [35]. The approach
leads to a mathematical description of the tissue admittivity based on the properties of
its cellular constituents. The admittivity replaces the conductivity of standard volume
conductors. It is a complex number that quantifies the conductance and admittance
of tissue, and is the reciprocal of impeditivity, which accounts for the resistive and
capacitive properties of tissue. The resulting novel cellular composite volume conductor
equations predict significant macro-scale effects on the magnitude and distribution of
electrical potential and current density that are not accounted for in standard volume

and macroscopic scales, this approach requires either using highly simplified models that allow analytical
calculation (such as a homogeneous volume conductor [13]) or resorting to numerical methods that
become highly computationally challenging. Furthermore, such approaches do not account for the effect
of neighbouring neurites, which have been shown to be significant in a number of recent studies [30,31],
a finding that is corroborated in this study. Consequently, a volume conductor modelling framework
that is self-consistent, computationally efficient and properly accounts for the cellular composition of
tissue is lacking.



conductor frameworks. Furthermore, the framework is self-consistent, in the sense that
the membrane potential is independent of the boundary condition type used in Stage 2.

We also present a class of bidomain models (or more generally multidomain models)
that is mathematically equivalent to the class of cellular composite volume conductor
models. This link to the cellular composite volume conductor models means that
the bidomain models are also consistent with the electrical transimpedance of an
individual neurite. Because the electrical transimpedance has the property, mentioned
above, of capturing the full internal electrical properties of a neurite, including its
three dimensional geometry [35], this provides a greater justification for the bidomain
model by more clearly linking it to the underlying cellular geometry. Both types of
model avoid the need to perform discretisation at fine spatial scales, and therefore are
computationally tractable in general.

The modelling framework presented here completes our previously presented
framework for Stage 2 of a volume conductor model [25]: it adds a self-consistent
Stage 1 as well as an equivalent and alternative bidomain model. In this previous
work, we derived the ordinary and partial differential equations governing the (linear)
subthreshold membrane potential of a cylindrical neurite, given either extracellular
current density or extracellular voltage boundary conditions on the surface of the
cylinder. The derivation was performed from a full three-dimensional model of a
cylindrical neurite plus thin extracellular sheath (NTES), as shown in Figure 2(e). The
NTES is a key concept in this paper. The thin extracellular sheath models the extremely
confined extracellular space (~ 60nm) that is typical of neural tissue [23], and which
severely restricts extracellular current flow [36]. This is an important issue for modelling
tissue admittivity as current flow through the extracellular space encounters much higher
resistance than through the large intracellular space. The derivation from the three-
dimensional model showed that, for the longitudinal mode of stimulation, two alternative
cable equations for the membrane potential were recovered: one for voltage boundary
conditions and another for current density boundary conditions (see Table 3 for the
two equations). Interestingly, the electrotonic length constants differed between the two
cases. For the transverse mode, an ordinary differential equation in time was derived for
each boundary condition-type, in this case with different time constants (see Table 3).
We also showed that this Stage 2 model gave membrane potential results that were
consistent across boundary condition type (and resolved these apparent discrepancies
in length and time constants) if and only if a set of transimpedance equations were
obeyed that relate the extracellular current density on the boundary of the NTES to
the extracellular potential (see Table 3).

Here, we show how to use this result to construct a Stage 1 volume conductor model
that accounts for the cellular composition of tissue and gives self-consistent results when
combined with the Stage 2 neurite equations for the membrane potential. This is done
by using the NTES element as a building block, so that the cellular structure of tissue
is treated as a composite of NTES elements in a mean-field approximation. This allows
the derivation of the tissue admittivity from first principles. The new form of tissue
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admittivity can affect the spatio-temporal pattern of current flow and potential in the
tissue in ways that are not captured by standard volume conductor theory.

1.5. Organisation of the Paper

The paper is organised as follows. We initially focus on a simplified but biologically
important tissue type, namely a fibre bundle consisting of identical parallel fibres. In
Section 2.1, we define the underlying fundamental model of such a fibre bundle from
which the approximately equivalent volume conductor and bidomain models will be
derived. The mean-field derivation of the cellular composite volume conductor model
for a fibre bundle follows in Section 2.2. The Analytical Results section begins by giving
the full set of derived equations for the cellular composite volume conductor model for a
fibre bundle (Section 3.1). The mathematically equivalent bidomain model is described
in Section 3.2, with the proof of its equivalence given in Appendix D. The following
section uses a mean-field approach to generalise the volume conductor and bidomain
equations to the general case of tissue composed of neurites of an arbitrary variety of
orientations and heterogeneous neurite types and cellular properties. Some associated
derivations are given in Appendix D. The physical interpretation of the equations and
their relation to other volume conductor or bidomain equations is discussed in Section 4.

2. Methods

The Methods section outlines the derivation of the cellular composite volume conductor
model in the case of a bundle of identical parallel fibres. Generalisations of this and
equivalent bidomain/multidomain models are derived in other sections of the paper as
described immediately above.

2.1. Fundamental Model of a Fibre Bundle

Figure 2(a) shows a scanning electron micrograph of a nerve fibre bundle. The
fundamental model of a fibre bundle used here is composed of closely packed, parallel
fibres each of approximately the same dimensions. Let each fibre be orientated with
its axis in the z-direction, have approximate cross-sectional width 2a and a separation
from neighbouring fibres of approximately 2d, as shown in Figure 2.

Laplace’s equation [37] governs the spatial distribution of the intra- and extra-
cellular potentials, ¢; and ¢, respectively: V2?¢, = 0, ¢ = i,e. More fundamentally,
the potentials are derived from a pair of equations consisting of a continuity equation
for the current densities, I'; and T',, and a constitutive equation relating the current
density to the potential,

V'Fc(x>y>zat) :O> (]'a)
Co(z,y,2,t) = —p, ' Voe(z,y,2,1), (1b)



where (x,y, ) is any point in the intracellular space if ¢ = i, or in the extracellular space
if c = e. p; and p, are the intracellular and extracellular resistivities, respectively.

The boundary conditions ensure continuity of current across the neural membrane
and boundedness of the potential for all space and time:

1 8 i\4y Yy 7t

196(z.9,2,1) = —Ju(z,y,2,t), V(x,y,z) € any membrane, (2a)
Pi on

1 0¢e(,y, 2,1

1 96e(r,y,2t) = —Jn(z,y,2,t), Y(x,y,z) € any membrane, (2b)
Pe on

|pi(x,y, 2,t)] < oo, V(z,y,z) € any intracellular space, (2¢)
|pe(x,y, 2,)] < o0 V(z,y, z) € the extracellular space. (2d)

0

Here, - represents the derivative in the direction outwardly normal to the
membrane surface. There may be other boundary conditions describing electrodes or
insulating boundaries that are unnecessary to consider here and are omitted. In addition,
the current density through the membrane, J,, is the sum of resistive and capacitive
components. In the subthreshold regime, in which the membrane behaviour can be
assumed to be linear and modeled by an RC-circuit [38], the relationship between the
membrane current density and the membrane potential is given by

dV, Vi
Jn = Cop—2 + —, 3
& R 3)
where
Via(z,y, 2,1) 2 ¢i(2,y, 2, 1) — de(2,9,2,1), V(x,7,2) € a membrane, (4)

and C}, and R,, are the specific membrane capacitance and specific passive membrane
resistance, respectively.

2.2. Self-consistent Volume Conductor Model for a Fibre Bundle

In this section, we derive a volume conductor model that can be used to calculate both
the extracellular potential and the extracellular current density. Subsequently, either
quantity can be applied as a boundary condition to calculate a consistent function for
the subthreshold membrane potential using the neurite equations that have been derived
previously [11,25,39] but are repeated in Section 3 for convenience (see Table 3). The
derivation of the equations for a neurite is given in [25].

The volume conductor model is derived using a mean-field approximation
comprising coupled cellular elements. To this end, the model tissue can be regarded
as a composite of the neurite plus thin extracellular sheath (NTES) elements joined
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Figure 2. (a) An electron micrograph of a fibre bundle [figure is taken from Science
Photo Library], (b) a conceptualised model of a fibre bundle consisting of parallel
neurites with thin extracellular sheath, (c) one neurite with its extracellular space
extracted from the neural tissue, (d) cross section of an idealised fibre bundle in which
neurites have hexagonal cross-section. The hexagonal form is shown only for illustrative
purposes to demonstrate a close packing of identical fibres, but is not an essential part of
the model, (e) approximating a neurite with cylindrical intracellular and extracellular
space and its equivalent electrical circuit.

along sections of their boundaries. Figure 2(b) shows a conceptualised version of a fibre
bundle that consists of a composite of NTES elements in which one NTES has been
highlighted (white dashed line) and extracted in Figure 2(c). As an example, a cross-
section of an idealised fibre bundle that allows close packing of parallel neurites that
have hexagonal cross sections is demonstrated in Figure 2(d). The electrical properties
of an NTES are approximated using a cylindrical geometry, which is an appropriate
approximation for neurites, with its electrical equivalent circuit in subthreshold regime
is shown in Figure 2(e). The half-width of the NTES (or radius for a perfect cylinder)
is b = a+d, where a is the half-width of intracellular space and d is the thickness of the
extracellular sheath.

To explicitly redefine the fundamental model, described in the previous subsection,
in terms of a system of coupled NTES elements, we first define the extracellular potential



(a) (b)

Figure 3. (a) Scaled version of Figure 2(d) with boundaries shown for NTES elements
in blue dash-dot-dot lines. While ¢, and I', are defined for all points in extracellular
space, V, and J, are equal to ¢, and I on the boundary of each neurite, respectively.
(b) The neurites in neural tissue are replaced by a non-local anisotropic volume
conductor to extract the extracellular potential, V', or the current density, J7°. The
black dash-dot lines indicate the location of the intracellular space of the neurite which
does not exist in the volume conductor approximation. Scalar and vector fields V.
and JY° extracted from the volume conductor model in (b) are equal to V, and J, on
the boundaries of the NTES elements shown by blue dash-dot-dot lines in (a).

and current density on the outer boundary of any NTES to be

‘/e = ¢e|NTES boundary » (5&)

Je é Fe|NTES boundary - (5b)

To clarify, ¢, and I, are the potential and current density, respectively, at any point in
extracellular space while V, and J, are the potential and current density at points on
the combined surface of the extracellular space of all NTES elements, respectively, as
shown by the blue lines in Figure 3(a).

While we could label each NTES element with an integer, along with its potentials
¢; and ¢, this notation is unnecessary in the following. Similarly, we could label the
shared NTES boundaries together with their corresponding V. and J., but choose not
to for simplicity. Viewing each NTES element in isolation, the intra- and extracellular
potentials, ¢; and ¢., at any point inside the NTES obey the same set of partial
differential equations and boundary conditions as described by Equations (1)-(4).
Additionally, in order for each NTES system to have a (unique) solution in isolation,
¢. must obey a boundary condition on the outer sheath of the NTES, which can be
stipulated in terms of either the extracellular potential or the extracellular current
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density:

e(T,y,2,t) = Vilx,y, 2,t), V(x,y, z) € outer NTES boundary, (6a)
a e ) ) 7t
% = —pde -n(z,y, 2,t), V(r,y,z) € outer NTES boundary, (6b)

where n is the outward normal vector. Thus, we have a set of partial differential
equations (PDE) and boundary conditions (BC) in three spatial and one temporal
dimension for each NTES. Together, these form a system of partial differential equations
and boundary conditions for the whole model of tissue (i.e., PDEs in Equations (1)-(4)
and BC in Equations (6)). For any individual NTES element described by Equations (1-
4), we have previously shown in [25] how to derive simpler differential equations for V;,
in at most one spatial and one temporal dimension, given boundary conditions in terms
of either V;, described by Equation (6a) or J.-n described by Equation (6b), i.e., Stage 2
in the volume conductor approach. Explicitly, these differential equations are the cable
equation for the longitudinal mode of polarisation, and ordinary differential equations
in time for transverse modes. Thus, the problem of finding V;, throughout the tissue
becomes one of NTES elements, coupled together on the shared outer NTES boundaries
via V; and J., which must be found self-consistently (i.e. equivalent to Stage 1 in the
volume conductor approach).

The electrical properties of the NTES, captured in the partial differential equations
and boundary conditions, dictate that, on the outer boundary of the sheath, J, and
V. must be related by a transimpedance equation. In fact, a fundamental theorem
of electrical impedance tomography states that the transimpedance equations on
the boundary capture all the internal electrical impedance properties of the NTES,
including their geometric arrangement, provided some mild conditions are satisfied
on the smoothness of the potential and the integrability of the admittivity (see [35]
and references contained therein, especially Section 4). Consequently, as we are only
interested in the extracellular potential, V,, or current density, J., on the boundaries
between NTES elements for our Stage 1 volume conductor model, we can replace
Equations (1b)-(4) and Equation (6) for the intracellular potential and membrane
potential with the transimpedance equations for the NTES. That is, the effect of the
membrane and intracellular current paths is captured in the transimpedance. The
equivalent system for V, is such that

(A1) V, is related to J, via the transimpedance equations of the NTES.
(A2) J, is locally conserved.

To derive a self-consistent mean-field approximation for the extracellular potential,
we assume some additional statements, the first of which is

(A3) The transimpedance of the NTES is well approximated as though they were
identical cylinders with radius b and extracellular sheath d.

The transimpedance equations for a cylindrical NTES element were derived in [25].
They are given in terms of a cylindrical coordinate system (r, z,0,t), for which r = b
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Table 1. Fourier transform notations.

Signal F.T. Notation F.T. Equation Inverse F.T. Equation

f(2) Jke) = F{U @ k) fhe) = = [ f()e2dz f(2) = F= [, flka)ei™2dk.
9(0)  g(n)=F{g0)}n)  g(n) =5 o, 9(0)e 0 g(0) =32, g(n)e’

ht)  hw)=F{h(H)}w)  h(w) == [t dt  h(t) = 2= [ h(w)e'dw

on the outer surface of the sheath, so that (z,6,t) provides a coordinate system on this
boundary. The (z,0,t) coordinates are Fourier transformed into (k.,n,w) coordinates,
where k, and w are real numbers and n is an integer (see Table (1) for definitions). For a
Fourier transformed cylindrical coordinate system centred at [z, y|, the transimpedance
equations may be written as

(ks 1, @) T - ez, ] (ks 1, ). (7)

<<
|
N>

ez, yl(keyn,w) =

Note that the equation relates trebly Fourier transformed quantities for the

extracellular potential, f/;, and the current density, J,, as denoted by the hat notation
specified in Table 1. The transimpedance is given by

2mbrer; (1 + jwTm + k§A3V>
) n=>0
. k2(re + 1) (1 ¥ T 4 k:gAgJ)
Zo(kzym,w) = (8)
Rey(0)(Zn(@) + Ry (n) + R (n)) pp )
\ Zn(w) + Res(n) + Ri s(n) S ea " 70

where the expressions for Ao, Aoy, 71y e, Zms Riv(n), Rev(n), Res(n) and R; ;(n) (in
terms of previously defined fundamental parameters) are given in Table 2 along with
their physical interpretation.

The discrete values of n = 0,1,2,... can be interpreted as the different modes
of stimulation as depicted in Figure 1. The n = 0 mode is the longitudinal mode
and corresponds to current passing into the NTES in a rotationally symmetric fashion
and passing along the neurite both extra- and intracellularly as shown in Figure 1(a).
It corresponds to the classic mode of neural polarisation described by the cable
equation. The n = 1 mode corresponds to a transverse mode, in which current passes
directly across the NTES as illustrated in Figure 1(b). The passing current polarises
opposite sides of the neurite in an opposite fashion; i.e., depolarised on one side and
hyperpolarised on the other. The higher order modes, n > 2, are also transverse,
but have higher order symmetries as shown in Figure 1(c) for n = 2. Generally, the
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Table 2. Parameters used in equations governing the membrane potential for different
modes of stimulation under current density and voltage boundary conditions.

Parameter Name Expression
Intracellular resistance per unit pi
Ty
length wa?
Extracellular resistance per unit Pe n _Pe
e length m(0* —a?)  2mbd
Ris(n) Transverse intracellular specific re- pib
i, J{N . T
o sistance for J, BC In|
Res(n) Transverse extracellular specific peb?
e, J\T .
)J resistance for J, BC n2d
Transverse intracellular specific re- pib
Ri,V(n) . T
sistance for V, BC In|
Transverse extracellular specific
Re,V (n) . ped
resistance for V., BC
-1
Zm Specific membrane impedance ( RI,, + ijm>
T'm Membrane unit length resistance fin  fn
Zm Membrane unit length impedance o ry Zn
Longitudinal time constant equal
L . RmCm
to the membrane time constant
-1
Tr, Transverse time constant for J,BC (% + (Rl ij(n) + R J(n)) ) Cn
-1
Ty Transverse time constant for V,BC' ( R—lm + & V(n)-il-Rc,v(n)) Ch
\ Static electrotonic length constant T
0 for J.BC Te T Ti
(W) Frequency dependent electrotonic o, Y
J length constant for J, BC V1t jwur, Te £ 73
\ Static electrotonic length constant Tm
Ov for V. BC i
Frequency dependent electrotonic Aoy _ [Zm
Av(w) T

length constant for V. BC'
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extracellular potential is a superposition of all these modes, but typically the first two
modes dominate.

We make the following additional key mean-field assumption to derive the cellular
composite volume conductor equations:

(A4) The transimpedance equation holds for any cylinder of radius b with its axis in
the z-direction for n = 0 and n = 1 modes. The n = 2,3,... modes contribute
negligibly to the electrical properties of the tissue.

The assumption that the transimpedance equation holds for any cylinder of the correct
size and orientation essentially replaces the discrete set of NTES elements with a
homogeneous volume conductor with specific impedance chosen to provide a match
to the first two modes of the NTES element. Figures 3(a) and 3(b) graphically depict
how neural tissue with its neurites will be replaced with a volume conductor. In this
sense, the assumption amounts to spatially averaging over the fine structure of the
NTES. However, the dominant effects of a neurite’s electrical properties, geometry and
packing with respect to other cells are retained through the first two modes of the NTES
transimpedance. Notice that the assumption also guarantees that the resulting volume
conductor model will give self-consistent answers for membrane potential, provided we
are only interested in the n = 0 longitudinal and n = 1 transverse modes.

To derive the constitutive equation for the cellular composite volume conductor
model, the transimpedance Equation (8) must be transformed from the (k,,n,w) co-
ordinate system, which is the Fourier transformed local cylindrical coordinate system
of any cylinder with axis at [z,y], to the (z,y, z,t) global cartesian coordinate system.
This can be done by first approximating V., and J. on the surface of a cylinder at
(T = x +bcosl,y = y+ bsinf,Z = z) using a Taylor expansion in terms of b and
performing the Fourier #-transform to calculate V[z,y](z,n,t) and J. - n[z, y](2,n,t) in
terms of Vi(x,y, 2z,t) and Je(x,y, 2,t) (see Appendix A). This gives the relations

V;a[xay](zaoat) :‘/e(xayaz>t)a (9&)
Jve - _b aJe,z(zayaZ>t)

Jo ’ n[l’, y](zv 07 t) - 7 02 9 (9b>
_ b (OVe(xy, 2t)  OVe(w,y,2,1)

Vialety - g (ZEpnd . OHER0), (9
_ 1 .

3 nfa )= 1,8) = (Jo,x(x, Y, 2t) — ey (1,7, 2, t)). (9d)

13 2

The superscript “vc” for Jy° indicates that this current density pertains to the
cellular composite volume conductor model and is required to distinguish it from the
extracellular current density of the bidomain model, which is introduced later. The
extracellular potential, V., does not require this superscript because it is identical to the
bidomain extracellular potential. This issue will be discussed further in Section 4. The
above equations can be Fourier transformed into the (k.,w) domain to re-express the
transimpedance Equation (7) in terms of V(z,y, k,,w) and J.(z,y, k., w) (see Appendix
A). Performing the inverse Fourier transform back to the (z,¢) domain gives the
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constitutive equation (Equation (10a)), (see Analytical Results section). The local
conservation of the current density (Assumption (A2)) gives the continuity equation
(Equation (10b)), which completes the derivation of the cellular composite volume
conductor model.

3. Analytic Results

In this section, the equations governing the extracellular potential, V., and current
density, J., are given for cellular composite models. For completeness, equations for
the membrane potential are also given, although these are not new. We first give
the equations for the cellular composite volume conductor model in the case of tissue
comprising identical parallel fibres; next, the equivalent bidomain equations are given;
finally, the equations for both volume conductor and multidomain cellular composite
models are given for very general tissue types including mixtures of different cell types
with arbitrarily crossing fibres.

3.1. Cellular Composite Volume Conductor Model for Identical Parallel Fibres

3.1.1. Stage 1 The equations describing the extracellular potential and current density
for the cellular composite volume conductor models, in the case of identical parallel
fibres, are

1

Je o = —2—§ZC *tVV;, Constitutive Equation, (10a)
7T Z7

V. J¥ =0, Continuity Equation. (10b)

(13502

The convolution, denoted by “x”, in Equation (10a) occurs over both time and space
in the z-direction and is a novel aspect of the model (cf. simple multiplication in the
standard volume conductor case Jo = —oV;; the factor of 1/27 in Equation (10a) arises
from the convolution due to our definition of the Fourier transform). Here, convolution
is defined as f *g = 2 de (2 dt (2, t)g(z — 2/t — t'). The derivation of the
constitutive equa%ion is outlined in the Methods section with additional details presented
in Appendix B. The extracellular admittivity kernel for the volume conductor model is

XfT(z,t) 0 0

£z, )= 0 vz, 1) 0 , (11)
0 0 E5(at)
where
2
(e, ) = 2B (2)5(0) = B0, (12)
3 2 _<t+ Eu TL)

% (2, ) = 2200 yTH 7 (ﬁ——) ) (o)

’ pi Apidogtz \TL  Ag,
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in which £ and &7, are the transverse and longitudinal components of the admittivity
kernel, respectively, and H(t) is the Heaviside function. The terms involving delta
functions are parts of the admittivity kernel that reduce to standard multiplicative
conductivity once the convolution is performed. The non-trivial part of the admittivity
kernel is contained in its longitudinal component, which is given by Equation (12b),
excluding the delta function term, to demonstrate the (non-trivial) spatio-temporal
filtering properties of tissue that result from its cellular composition.

In principle, one can substitute Equation (10a) into Equation (10b) to obtain a
second-order integro-partial differential equation for V,, which could be solved given
appropriate boundary conditions. JY¢ could then be found via back substitution into
Equation (10a). In practice, the integro-partial differential equation is non-trivial to
solve, especially given the complicated form of £ (z,7). A useful alternative when
dealing with problems that can be approximated to have infinite extent in the direction
to the fibres is to rewrite Equations (10) and (11) in the (k.,w)-Fourier domain, which
changes the convolution in Equation (10a) to multiplication and simplifies the expression
for extracellular admittivity,

Ce = _CVC v Cea a
J £ VYV, (13a)
V.3, =0 (13b)
CVC vC d

er(kz,w) =00y = %7 (13c)
0 1 [ 1+ jwrm + k23

vy, w) = — , - 13d

We refer to £ as the admittivity kernel and its Fourier transformed equivalent EXC as
the admittivity. Here, V = [0/0z,0/0y, jk.], which is the Fourier transform in terms of
z for the operator V defined as a column vector. Consequently, the set of Equations (13)

give a partial differential equation in two-dimensions (x,y) for Vi(x,y, k., w).

3.1.2.  Stage 2 Once the extracellular potential, V., is obtained (Stage 1), the
longitudinal and transverse components of the membrane potential can be calculated
using the following respective equations (Stage 2) [25],

82Vm’L(Z, t) B 8Vm7L(Z, t) 82‘/0(27 t)
822 LT 822

Ao, — V(2 t) = =3, (14a)

dVMax(z t) R,

m, Max _
Ty o + Vat (z,t) = (Rm R+ Ro,v(n)) Ver(z,t), n # 0.
(14Db)
where
Vil (2, 1) £ max{Vinr(2,6,1)}, (15)
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Table 3. Equations for membrane potential under different boundary conditions.

Membrane potential equations for voltage boundary condition

n — 0 )\2 82 V,gzr_é(z t) _ TLan,ar_;t(z,t) —VmL(Z t) )\2 0?2 VCZ(Z t)

o dvl\Iax(z t Max o R
n=1 TTvi +Vaf (2 1) = — (Rm+Ri,v(1)+RC,v(1)) Ver(z:t)

Membrane potential equations for current density boundary condition
0?2V L(z, OV L(z, . 0JYS,

n=0>0 )\(Z)J Va’ZLQ( t — T1, Vs 8Lt( ) —VmL(Z T,): p b)\(Z)J 92

_ VMax(Zt Max _ Re j(1)Rm
n=1 T, V(2 1) = (R,,)+Ri,3]<1)+Re,J(1>> Jerr(z,t)

and
Verr(z,t) £ b|VaVe(z, 1)), (16)

T, Try, Riv(n) and R.y(n) are given in Table 2. Vi, 1(z,t) and Vi, 1(2,t) are
the longitudinal and transverse components of the membrane potential and Vy £
[0/0z,0/0y].  Alternatively, one can calculate the membrane potential using the
extracellular current density, Ji°, using an analogous pair of equations given in Table 3.
In this table

Jor(z,t) £ 210e[2, )2, 1,1) - 0| = [[Jow(2,1), Jey (2, 1)]I- (17)

The self-consistency of the cellular composite volume conductor ensures that the
results will be the same regardless of which type of boundary conditions are used for
the dominant, n = 0 longitudinal and n = 1 transverse, component of the membrane
potential.

It is also possible to express Eqsuations (14) for the membrane potential in the
(k,,w) Fourier domain. For the longitudinal mode, this is
KA (W) ¢

VL = —WV@ (18)

194

This representation for membrane potential is useful when the volume conductor model
has also been solved for V, or JY® in the (k,,w)-Fourier domain. As an example,
Equations (13) and (14) are solved in the Fourier domain for the case of a point source
electrode in a bundle of fibres that extend infinitely in all direction in the companion
paper. A comparison to point source solutions with standard volume conductor models
is given.

A complete set of equation for extracellular current density and potential and for
the membrane potential with either voltage or current density boundary conditions

17



are summarised in Tables C1 and C2 in Appendix C for the (k,,w), (k,,t) and (z,w)
representations, as well as the (z,t) case.

3.2. Bidomain Model for Tissue Composed of Identical Parallel Fibres

The volume conductor model described in the previous section is mathematically
equivalent to a bidomain model, which is presented in this section. The proof of this is
given in Appendix D. One of the main advantages of using the bidomain formulation is
that it is relatively straight-forward to implement in standard finite element modelling
packages such as COMSOL and ANSYS. This allows one to obtain numerical solutions
to problems with geometries and boundary conditions where no analytic solution is
forthcoming.

Bidomain models provide an approximation to the electrical properties of tissue
by using both intracellular and extracellular continua that are electrically conductive
and coincident in space. The intra- and extracellular continua (alternatively known as
domains) are coupled together via a membrane that permits current flow across it. The
membrane is also taken to be continuously present throughout the space occupied by
the bidomain model [40]. By contrast to the volume conductor models, V; and V;, are
calculated together in a single stage.

The model can be defined in terms of the current densities in the intracellular
domain, the extracellular domain and through the membrane,

I =~V (19a)

Jod = —a iV, (19b)
AVir Vi

Jhd = O, dt’L + R—’L, (19¢)

where Vi, V. and V1, £ V, — V; are the intracellular, extracellular and longitudinal
component of the membrane potential, respectively, as defined previously for the volume
conductor model. The intracellular and extracellular conductivity tensors have the form

00 0
o=l0 0 0 |, (20a)
0 0 akﬂ
o 0 0
o= 0 P 0 |. (20b)
0 0 Ué’i

The components of the tensors are effective conductivities in x, y and z directions.
This takes into account the cross-sectional area of current flow in each direction in
each domain, as well as the intrinsic resistivity of fluid in each domain. As such,
they can easily be derived by taking into account the resistivity of the intracellular or
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extracellular fluid (p; and p.) and cross-sectional areas of intracellular or extracellular
space in longitudinal or transverse directions based on the cylindrical NTES element of
outer radius b and inner radius a:

by ma? 1

P — ~— ford < b 21
Ul,L b2 D; P ’ ora <o, ( a)
pa _ TV —ma®  2d
UO,L = T% ~ b—pe, for d < b, (21b)
b b d for d < b. (21c)

o = =
e, T 9
Re,J bpe

The requirement that d < b is typically a good approximation due to the confined
extracellular space, so that d is in the range of tens of nanometers, while b is in the
range of hundreds of nanometers for axons and micrometers for dendrites. One must
also define the membrane surface area to volume ratio, 3, in order to define the amount
of current entering or leaving a domain via the membrane surface,

Membrane surface area  2mwal

A N 2
e ~ (22)

Neurite volume ma2l

where L is some arbitrary length of cylinder.
With these definitions, the bidomain equations may be stated as

VI pIbd =0, (23a)
V- Jbd — gJbd = 0, (23D)
which is the result of the conservation of total current across the two domains at

every point. In terms of coupled partial differential equations for the intracellular and
extracellular potential, these equations may be written as

0*V; AV VL
1]3382 ( dtL_I—R—)_O (24&)
V. PV PV, Vi1, Vi
U‘];dT o2 “‘O':,(’il‘ ay2 + e% 022 ‘l‘ﬁ( m dt’L + R—L) = 0. (24b)

The longitudinal part of the membrane potential is calculated directly in the
bidomain model. The transverse part must be found, once V, is calculated, using
Equation (14b).

3.3. Extension to General Tissue Compositions

The foregoing sections assumed that the tissue was a fibre bundle composed of closely
packed, identical neurites with parallel orientation. While there are many instances
in the nervous system of bundles of axons oriented in parallel, they are not necessarily
identical, especially in their diameters. Furthermore, many tissues in the nervous system
consist of neurites that are crossing, have different diameters and/or specific membrane
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resistance (e.g. cortical gray matter). The tissue may also include glial cells that, like
neurons, also have a dendritic structure that may be approximated using cylindrical
elements. In general, the tissue is extremely closely packed, with a highly confined
extracellular space, that is well modelled as a collection of coupled NTES elements.

Deriving a volume conductor model from first principles for such a complex model
of tissue is very difficult. However, based on the results for the volume conductor model
for identical parallel fibres, some simple generalisation can be made to support the
following mean-field model.

Suppose the tissue comprises a collection of different classes of fibres (axons,
dendrites of neurons and glia), with each class having its own orientation, diameter
and membrane properties. Label the classes h = 1,..., H. We assume that fibres
from different classes are intermingled in an essentially random fashion, with each class
occupying some fraction of the volume. Consider a small volume of tissue. For each
fibre in that tissue, the extracellular current density around that fibre must be related
to the extracellular potential via a transimpedance equation of a form analogous to
Equation (10a),

ve 1 ve
eh — _%Eo,h u:l:,t VV;%JH (25)

where the admittivity kernel, &5, is of a form suitable for the fibres’ orientations,
diameters and membrane properties, and uy, represents the unit vector parallel to fibres’
axes. The spatial convolution is in the direction u;, and so that the whole convolution
is defined as (f 1;ktg)(p, t)= [ ds' [Z_dt' f(s'u,t')g(p—s'u,t—t') for a point in space
p = (z,y, 2). We now assume that within a sufficiently small volume of tissue, the
spatial fluctuations in extracellular potential can be neglected to a first approximation
so that V,; can be replaced by its mean value V, in that small volume, the same in the
vicinity of all fibre types. This mean extracellular potential is determined by the mean
extracellular current density within the small volume,

H
Je=D o, (26)
h=1

where «y, is the total volume fraction (i.e., the fractional volume of space occupied by
that neurite class). Assuming local conservation of the mean extracellular current in
this volume, we also have

V.- J=0, (27)

in the limit of a vanishingly small volume.

Equations (25)-(27), with V., replaced by V., define the basic equations
governing the generalised cellular composite volume conductor model. Note that the
transimpedance Equation (25) guarantees the self-consistent calculation of V;, using
both voltage and current density boundary conditions provided that the fibres individual
current density, Jep, is used for the latter. The form of admittivity kernel, £75,, for any

20



arbitrarily oriented fibre with axis in direction of the unit vector, u,, is given most
simply in the full spatial and temporal Fourier domain

~

£ (k,wimy) = £+ (€5 (k- wy,w) — £ )upul, (28a)
o dp,

e _ 28h
e, T bhpe7 ( )
s 1 1+ jwrn+ (k-up)?A3,

oLk up,w) = (28¢)

Pi,h 1 +jW7'L,h + (k ) >\(2)v7h7

v

where the vector k is the three dimensional Fourier couple of a point in space p, f
denotes the three dimensional spatial Fourier transform of f, I is the 3 x 3 identity
matrix and u,ul is the outer product of the unit column vector uy,. Consequently, the
total admittivity kernel is given by

H
€° =) o€l (k,wiuy). (29)
h=1

In practice, when h represents a continuous parameter, the sum in Equation 26
and for the total admittivity kernel become integrals. For example, if h represents
orientation, the unit vector may be parameterized in term of spherical polar coordinates
so that uy, = [cos(f) sin(¢), sin(6) sin(¢), cos(¢)]. In some simple cases, the integrals can
be performed analytically to provide closed form expressions for the equations governing
V., while in more complicated cases, the integrals must be performed numerically.

As per the fibre bundle case, once the Stage 1 equations have been solved for
extracellular quantities, the membrane potentials (one for each class of cell) may be
found in Stage 2

As an alternative, and similar to the fibre bundle case, this more general
volume conductor model has a mathematically equivalent multi-domain model, with
H intracellular domains and one extracellular domain. It is determined by the following
set of equations (see Appendix D.2 for proof):

I —0'1 hvv Iy (30a)
I = -0V, (30b)
I = Z anJbs, (30c)
de L,h Vm L,h

Jhd — o Ly Lok 30d

m,h h dt + Rm7h ( )
0 =V I+ 5th . (30e)
0 =Vv.JH_ Z Bl (30f)

h=1

0'})% = UPE huhuh> (30g)
Ule)% _UlThI+( th O-lb%h)uhu;[;’ (30h)
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where, as in the fibre bundle case, of, = 1/pin, 005, = 2dn/bnpe, 027, = dn/bnpe,

and ﬁh =2 / bh.

Solving this set of equations with finite element software can become difficult if
the number of intracellular domains, H, is large (say larger than 10). In this case, a
small number of domains can be used to approximate a larger number (e.g., sampling
10 discrete orientations).

4. Interpretation of Analytic Results

The cellular composite volume conductor model derived here is distinguished from
standard volume conductor models due to the description of the electrical impedance
properties of the tissue. Conventional volume conductor models consider the tissue to
be purely resistive and usually isotropic, which leads to a constitutive equation in which
the local extracellular current density is related to the instantaneous local extracellular
electrical field via a simple multiplicative scalar, which is the tissue conductivity,
J = —oVV. By contrast, the constitutive Equation (10a) relates the local extracellular
current density to extracellular electric field via convolution in time and space with
an admittivity kernel: JY¢ = —%QC * VV,. Here, the transverse component of the

admittivity is given by Cevi = d/peb (Eq. (13c)), while the longitudinal component is
given by Equation (13d)

: 1 (14 jwr, + k25
;CI_,(]{;Zv(’U) = . 2 2J
pi \ 1+ jwry, + k2A5,

(31)

This more complex form for the constitutive equation has the following physical
interpretation:

(i) Anisotropy. The tensor form for the admittivity kernel implies that the
admittivity can, in general, vary according to the direction of extracellular current
flow. For a simple bundle of parallel fibres, extracellular current is more readily
conducted in the longitudinal direction of fibres than the transverse direction for a
given extracellular electric field strength. This can be seen by considering the ratio
of the longitudinal and transverse components of the admittivity above. For more
general situations, in which neurites cross, the relative admittivities in different
directions will depend on the particular arrangement of neurites. While anisotropy
is not a particularly novel aspect of volume conductor models, the quantitative
relationship between the degree of anisotropy and the underlying microstructure of
the tissue, given here, is novel.

(ii) Finite Memory. The convolution in time in Equation (10a) means that the local
extracellular current density is related to the extracellular electric field at previous
points in time (as well as the instantaneous electric field). This is due to the
membrane capacitance of surrounding neural tissue, which stores charge that is
released as a capacitive current at later times. For electrical pulses in excess of a
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micro-second duration, as typically used in neural stimulation, this occurs through
membrane charging of the longitudinal mode (the time constant associated with the
transverse modes are sub-microsecond). Such charging and discharging is related
to the membrane time constant, 7y, via the w7y, terms in Equation (31) and can
last up to a few milliseconds to reach equilibrium. The capacitive properties of
tissue have been modelled previously using volume conductors, but again without
relating this to the underlying microstructure of the tissue accurately [41].

(iii) Non-locality. The convolution in space in Equation (10a), in the longitudinal
direction(s), is the most novel and unusual aspect of the volume conductor model
derived here. It implies that the local current density depends on the electric
field at remote longitudinal locations and not just the local electric field. The
explanation for this non-local behaviour is that the spatial convolution takes
into account the passage of current between points in the extracellular space
via intracellular pathways along a neurite. The passage of current through the
intracellular space has the effect of increasing the effective conductivity in the
longitudinal direction(s) compared to the transverse direction(s). This effect is
only pronounced at spatial frequencies with wavelengths that are comparable or
longer than the effective electrotonic length constants (Ayv(w) and A\j(w), see Table
2.2); for example, when the stimulating electrode is separated from the fibre
by a distance comparable to the effective electronic length constants or longer
(|\j(w)| varies between 10 and 1000 pm depending of the dominant temporal
frequency of stimulation). The relationship to the electrotonic length constants
arises because the extracellular current can only access the intracellular space over
distances determined by electrotonic length constants. For relatively high spatial
frequencies (e.g., close to the electrode), the current is forced to pass through the
confined extracellular space, which leads to a relatively low effective conductivity,
comparable to the transverse conductivity.

The combination of these effects gives rise to non-trivial spatio-temporal filtering
of the electrical stimulation by the tissue. In the companion paper [42], these effects
have been illustrated in comparison to standard volume conductor models in the case
of a point source in an extensive fibre bundle.

4.1. Limiting Cases

These effects can be further understood by considering the admittivity given in
Equation (31) in the following limits: far field, near field, long time, short time.

In the far field limit, where k.o, < k,\o, < 1 and ggi(kz, w) — 1/p; in
Equation (31), the volume conductor model becomes an anisotropic volume conductor
with simple resistive properties (i.e., no capacitive or non-local effects). Physically, this
means that, in the far field, where the spatial scales at which the extracellular potential
varies are large compared to the electronic length constant (for voltage), most current
can enter the low impedance intracellular pathway via the membrane giving an effective

23



resistivity p; in the longitudinal direction. The resistivity in the transverse direction
remains at the relatively high value of bp./d.

This same limit of a simple resistive anisotropic conductivity can also be obtained
by using very short pulses/high temporal frequencies (i.e., wn, — oo in Equation (31))
for which the membrane acts in a purely capacitive manner with negligible impedance
(capacitive admittance is proportional to temporal frequency).

In general, there is a co-dependence between the temporal frequency and spatial
frequencies at which the longitudinal impeditivity is well approximated by the
intracellular resistivity:

KN, K203 ( 1 32
T e w)| < 1. (32)
This can be derived from Equation (31) by dividing numerator and denominator by
1 + jwr, and noting that it is sufficient for £?|\3(w)] < 1 since A3 (w) < A3/ (w). Note
here that the inequality does not relate w directly to the membrane time constant, 7 ;
rather wr, may need to be either greater than one or less than one, depending on the
value of kﬁ)\gv. The inequality can also be interpreted as a condition that the spatial
frequencies are low compared to the w-dependent electronic length constant A% (w) (for
voltage).

In the limit of combined high spatial frequency, k. Ao, > k.\o, > 1, and low
temporal frequency, wry,, the longitudinal resistivity becomes 2p.d/b, which corresponds
to passage of current through the extracellular space alone. This corresponds roughly
to a near field, long pulse duration limit, but the correspondence can be inexact since
low as well as high spatial frequencies can exist in the near field for large electrodes [42].
In this limit, the resistivity in the longitudinal and transverse directions differs by only
a factor of two (2p.d/b vs. ped/b, respectively), which is much closer to being isotropic
than the far field case.

Summarising this discussion on limits: in the vicinity of a small electrode for long
pulse durations, neural tissue is effectively more highly resistive compared to large
distances or short pulse durations. In the case that some anisotropy exits due to neurites
having a preferred orientation, tissue appears more isotropic near the electrode with long
pulse durations than it does either far from the electrode or with short pulse durations.
This has a gross effect on the current flow and the distribution of the extracellular
potential that is not captured by conventional volume conductor models.

4.2. Interpretation of Extracellular Current Densities

While the quantities V., V; and V,, are the same regardless of whether the cellular
composite volume conductor or the bidomain models are used to calculate them, this
is not true for the current densities in these two models. Three different equations
for the extracellular current density have been given in this paper: Equation (1) for
I'. in the underlying model, Equation (10) for J¥° in the cellular composite volume
conductor model and Equation (19b) for J°d in the bidomain model. How are these
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different current densities related? The “true” current density is of course I'. This
is not generally equal to Jy° except on the boundaries of NTES elements where the
component of these two current densities normal to the NTES surface are approximately
equal (by construction) for the longitudinal, n = 0, and the transverse, n = 1, modes of
stimulation. Beyond the NTES boundary, much of the I'. current will be forced through
the confined extracellular space of conductivity p; ', while the J'° current is free to pass
through the whole volume previously occupied by the NTES, which has been replaced
by a homogeneous volume conductor with admittivity kernel £Y°. This can be visualised
by comparing Figures 3(a) and 3(b). Due to this constriction,the directions of I, and
JY¢ will generally be different, and the magnitude of I'. will be generally higher than
the magnitude of Ji¢ at any (infinitely small) point in the extracellular space. However,
when these two current densities are averaged over an area comparable to the diameter of
a neurite or larger, they will be approximately equal in both longitudinal and transverse
directions. The extracellular current densities for the cellular composite bidomain and
volume conductor models are equal in the transverse direction JP4 = J¥% only. In the
longitudinal direction, the situation is more complicated: the change in the longitudinal
current densities in the longitudinal direction is different by an amount proportional to

. ded dJve
the membrane current density: —2t = —2= 4 S,

5. Discussion

5.1. Limitations of the current work

Several approximations have been used in the modelling framework derived here. These
are discussed below.

e d < b: that the width of the extracellular space is much less than the radius of
neurites. Although b is strictly the radius of the neurite plus the thin extracellular
sheath, (b = a + d), we have taken b to be synonymous with the neurites actual
radius throughout, which is consistent with the approximation. The approximation
is justified due to the extremely confined nature of the extracellular space relative
to the intracellular space, so that d/b < 1/10 generally. The approximation is
used to both derive and simplify the expressions for the neurite equation and
transimpedance equations.

e wrr, < wrp, K 1. This condition assumes that for stimulus pulse widths used to
drive electrodes, the temporal frequencies that dominate the spectrum (i.e., that
have non-negligible amplitude) are much faster than the time constants for charging
the neural membrane in the transverse mode. This charging is very fast, so that
this approximation is good for pulse widths in excess of 1us which are relevant to
neural stimulation. The approximation allows us to simplify expressions for the
transverse component of the NTES transimpedance so that it may be considered
to reflect the purely resistive extracellular pathway in this direction. However, it
could be relaxed if higher temporal frequencies were of interests, at the cost of more
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complicated expressions. The approximation has been applied elsewhere to model
transverse stimulation [31].

e The mean-field approximation used to derive the admittivity of the cellular
composite volume conductor models requires a spatial averaging over scales of
several neurites radii. This has two implications.

- First, predictions of the model should be treated with caution for electrode-neurite
separations that are not substantially larger than b. A similar requirement
emerges in the derivation of the neurite equations, where the fluctuations in
the extracellular potential and current density must occur on a scale much
greater than b, see [25]. As b is typically on the order of a micron, this is not a
restrictive limitation in neural prosthetic applications, in which electrodes are
rarely less than 10um from target neurons.

- Second, the model expressions given here in the Stage 1 volume conductor are
for the mean extracellular potential and tissue admittivity in small volume,
but neglect effects of microscopic spatial variation. The mean is taken over
different cellular types, orientations and sizes, and so, captures these effects to
first order. Second order effects, due to microscopic spatial variation in these
quantities, such as a constriction in an axon, are not captured at the level of
Stage 1 quantities. It is feasible to address the effect of such variation at the
level of the Stage 2 neurite equations, however. This can be done by applying
the mean-field expression for V, to a model of a neurite with microscale spatial
variation, such as a morphologically reconstructed multicompartmental model
neuron. As long as the probability distribution of the properties of the various
compartments of the model neuron, such as orientation, size and membrane
resistance, have been taken into account in performing the averaging of mean-
field in Stage 1, the whole two-stage model will be self-consistent.

Another limitation is that the modeling framework presented here applies to
the passive electrical properties of tissue and neurites only. This is required in the
derivation to decompose quantities into their longitudinal and transverse components
and to perform the spatial and temporal Fourier analysis. The effects of non-linear
membrane properties, such as the voltage-gated ion channels underlying spike generation
are neglected. This has implications for both stages of the volume conductor model.
In Stage 1 of the volume conductor model, it is reasonable to argue that the time-
dependent changes in membrane conductance associated with the activation of these
channels become significant only once a spike has been initiated. Hence, the spatial and
temporal distribution of extracellular potential or current density that lead to the spike
prior to its initiation can be estimated with a passive model.

In Stage 2 of the volume conductor model, the purely passive model underscores
that point that no mechanism has been specified to determine when a spike occurs.
A simple choice is to specify a sigmoidal transfer function, ¢(Vj,) which gives the
probability of a spike being initiated as a function of the passive membrane potential. A
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Figure 4. A neurite in neural tissue. In this configuration with two stimulating and
two return electrodes, the n = 1 terms from the stimulating electrodes cancel each
other out. The n = 2 term is the most significant transverse component for the neurite
shown in this figure.

complication is that V;, varies both in time (during and after the pulse) and space (along
the neurite). To contend with this, one choice is to consider only the maximum value
of V.., both along the neurite, and during and immediately after the pulse. However,
one needs to consider that the transfer function, g, may change depending on both the
position on the neurite, e.g. thresholds are lower in the Na™ band of the axon initial
segment relative to other parts of the axon [43], the pulse waveform or the mode of
stimulation (longitudinal vs. transverse). A second possibility to incorporate spiking
behaviour is to use a passive model in Stage 1, but apply it to a non-linear Stage 2
cable equation or multicompartmental model for the longitudinal mode, which includes
Hodgkin-Huxley type dynamics. This can also be done in the bi- /multi-domain approach
for the longitudinal mode.

We have shown in our previous work [27] that the effect of higher order terms (n >
2) are generally negligible and their magnitudes are proportional to 1/n? in calculating
the membrane potential, V,, for a given extracellular potential, V.. Given that in
calculating V., higher order terms (n > 2) are small, the overall contribution to the
membrane potential from the terms n > 2 becomes negligible. Therefore, we have
not considered higher order terms in the current model. Although it is desirable
to incorporate higher order terms, the model intrinsically has only two degrees of
freedom due to the axial symmetry of cylindrical neurons: one along the fibers and
the other across the fibers. We will investigate the effect of higher order terms and
their convergence rate in our future work involving full scale finite element simulation
of neural tissue.

In the case of symmetric stimulation with two stimulating electrodes and two return
electrodes, as shown in Figure 4, for the neurite between the two stimulating electrodes
at = 0 (along the z-axis), the n = 1 terms cancel each other out. Therefore, the
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n = 2 term becomes the most significant transverse component, although it is negligible
compared to the longitudinal mode, n = 0.

5.2. Relation to previous work

Several previous studies have provided theoretical estimates of the electrical properties of
tissue on the basis of their cellular composition. Several studies have considered tissue
as a collection of cells sparsely suspended in an extracellular medium [15, 30, 31, 44],
however this is not the situation considered here of densely packed, elongated fibres,
which is characteristic of neural tissue.

One of the earliest studies to consider neural tissue as a densely packed composite
of long (cable-like) processes was done by Ranck [45]. His aim was to estimate the
temporal frequency dependence of the admittivity of cortical grey matter and compare it
to measured values. His approach considered the admittivity to be a sum of components
due to the longitudinal admittivity of neurons, glia and blood vessels, as well as the
admittivity of a restricted extracellular space; he then performed an average over
different fibre directions to obtain a final answer. This is similar to our approach for
deriving the general cellular composite volume conductor models of Section 3.3 and
especially the expression for the combined tissue admittivity, Equation(29). One major
difference is that the spatial frequency dependence of the admittivity was not considered,
and his estimate is essentially a mid-field estimate between near- and far-field. Another
is that he did not relate his results to modelling extracellular electrical stimulation, as we
do here by placing the derivation of the admittivity in the context of volume conductor
and neurite stimulation models. Rather, he showed that the resulting admittivity has a
temporal frequency dispersion below 5kHz, similar to his measurement of cortical gray
matter, which was attributable to the capacitive effect of charging the neural membranes
in the longitudinal mode. Further analysis will be required to determine if a similar
result holds for the models described here.

Most previously studies of bi-domain models have considered the intracellular
domain to have non-zero conductivity in multiple directions [46], whereas here any
given intracellular domain has non-zero conductivity in only the longitudinal direction.
In the class of models described here, intracellular conductivity in multiple directions is
the result of multiple intracellular domains with different orientations. This is consistent
with the notion that current cannot flow freely between different intracellular domains
without crossing a membrane. Multi-domain models that account for this effect have
not been considered previously.

A few bi-domain studies have used a formulation that is equivalent to the one
described here in the case of a fibre bundle [40,47,48]. As this is the subject to the
companion paper [42], this will be discussed further there.

A discussion of the implications of present results for extracellular stimulation of
neural tissue will be given in the companion paper [42]. Beyond this, the present
results may have implications in other fields of study concerned with the electrical
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properties of tissue such as estimation, analysis and interpretation or recorded intrinsic
electrical signals in the brain such as: multi-unit activity, local field potentials
and the electroencephalogram [49, 50]; electrical impedance tomography [35]; and
electromagnetic dosimetry [51].

6. Conclusion

This paper develops a modelling framework for electrical stimulation of neural tissue
taking account of its cellular composition. The mean-field volume conductor model,
described in Sections 3.1 and 3.3, provides a basis for calculating the intracellular,
extracellular and subthreshold membrane potential in a neurite under stimulation by
a set of electrodes. The equations may be solved for simple tissue geometries using
Fourier techniques, such as the case of spatially extensive fibre bundles (Section 3.1)
or more generally collections of fibres of mixed orientation (Section 3.3). Alternatively,
the bidomain/multidomain model described in Sections 3.2 and 3.3 is a mathematically
equivalent way to calculate the same quantities, which is suited to implementation using
commercially available finite element software packages such as ANSYS or COMSOL.
This is suitable for problems with more complex tissue geometries.

The modeling framework provides a number of advantages over other approaches
currently adopted in the literature.

(i) Capturing the cellular composition of tissue in the admittivity: The
admittivity introduced here captures electrical properties of the cellular composition
of densely packed neural tissue including geometric properties of the cells. This
includes the effect of the confined extracellular space, the high impedance,
capacitive properties of the membrane and low resistance intracellular pathway in
the direction of the neurite. This has some important effects on the spatio-temporal
distribution of potential and current density in the tissue that are not captured by
standard models.

(ii) Self-consistent modelling of membrane potential: The approach allows
self-consistent calculation of the membrane potential using a two-stage volume
conductor model, independent of whether current- or voltage-type boundary
conditions are used in Stage 2. By contrast, standard two-stage volume conductor
models treat the tissue admittivity simplistically and give internally inconsistent
results.

(iii) Computational efficiency: The modelling framework described here has a similar
computational burden to standard two-stage volume conductor models or bidomain
models. By contrast, full scale modelling of a composite of closely packed neurites
rapidly becomes computationally intractable.

(iv) Equivalent multidomain models: For every self-consistent volume conductor
model, we have given a mathematically equivalent multidomain model. This
provides a mathematically rigorous connection between the two model types and
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the common underlying cellular geometry of the tissue.

(v) Calculation of longitudinal and transverse modes: Both transverse and
longitudinal modes of the subthreshold membrane can be calculated and compared
within a unified framework.
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Appendix A. Calculations for Extracellular Voltage and Current Density in
Volume Conductor Model

For steady state currents, the equation of continuity may be written as

0Jew 0oy 0o
o, 0oy O

VT = ox oy 0z

= 0. (A1)

where Jz, Joy, and J, . are the components of the current density in tissue. Consider
the coordinate setup shown in Figure Appendix A with a neurite centred at point (x, y)
in the zy-plane. Using Taylor series expansion, the extracellular voltage, V., at the
boundary of the neurite is calculated to be

+0O(b%).
(A.2)

Ve . Ve
Vo(@ =z +bcost,g=y+bsinb, z2=z)=V,(z,y,2) + bcosd 88— + bsinf %
€ Y

Therefore, the extracellular potential in the Fourier #-transform domain can be written
as

Ve(z,y, 2, )

_ . 1 . 8‘/0($7y727t) —jnb
Ve[a?,y](z,n,t)—% (V;(x,y,z,t)—l—bcosﬁ pe +bsm€a—y)e de,
21
(A.3)

thus,

‘76[‘%7 g:l (Z7 07 t) = ‘/ve(x7 y? Z’ t)7 (A'4a)

S b (OVe(z,y,2,t)  OVe(z,y,2,t)

Vil gl 1,0) = 3 (HEEE0 O (A.4v)
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Using Taylor series expansion for current density leads to

e,r . 8J0,x
O +bsin 6 By

+O(b%),
(A.5a)

Jou(T=2+bcos O, g=y+bsinb, z, t)=J. .(z,y, z,t)+bcos b

Joy(T=2+bcosl, y=y+bsinb, z,t)=J. ,(z,y, z,t)+bcos 0Jey +bsinf %—1—(’)(62),

ox Jy
(A.5b)

Taking into account that in the xy-plane

- . . cos 0
Je[xay](zaeat) ‘n = [Je,x($>ya Zat) Je,y($>ya Z7t)] [ sinH ]

= Jou(2,y, 2,t) cos0 + Jo (2, y, 2,t) sinf + bcos® 0 0Jen

Ox
+bcos€sin(98;—;w+bsin9(:os€ ag;’y + bsin? § 8%;@, (A.6)
we calculate
— 1 )
Je|Z,9](z,n,t) - n = Dy Jo[,9](2,0,t) -n e 7ap, (A7)
T Jor

therefore,

Tl 5](5,0,8) -m = g (aJe,m(:c,y,z,t) N aJe,y(az,y,z,t)) b es(a,y, 2, )

Ox oy 2 0z ’
(A.8a)

- 1
Tl 12, 18) -1 = 5 (Jealw,9,208) = ey (9, 21)). (A.8b)
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Appendix B. Derivation of the Constitutive Equation

Equations (9) in (k,,w) domain will be written as

Vo7, gk, 0,0) = Vila, y, ks, ), (B.1a)
s b -

J¥ - n[z, y](k., 0,w) = —jk, 2J S,y ks w), (B.1b)
: b (Vg hew) OVl y, ke w)

2 L 1/: ¢

3 e, gl (k. Lw) = 5 (Jm(x, Yy ko) — Goy (2,7, kz,w)). (B.1d)

Usmg the transimpedance equation, we may express the extracellular current den51ty,
J., in Fourier domain in terms of the extracellular voltage in Fourier domain, V,, as

follows
[ b 8‘2(%% kZ7w) ]
S Oz ax
| Ry k) Zelks Lw)
jzc = j’vz(m y k w) = o b 8‘/0(%8?% kmw)
CC7 ) ) Z % y
T,y b, w) Zelkzs Lw)
2 Ve, y, kzyw)
| jk0Z(K.,0,w) i
_ b -
- 0 0 <
Zo(kz,l,w) a%(xayakzaw)
- Zulke 1) oA g )
—9j .
0 0 = Ve(z,y, ks, w)
L kzbZe(kza 0, OJ) _
b 0 0 | .
Ze(k2717w) a%(ﬂf,y,kz,w)
0 b 0 . Oz
= — Zo(kzy 1, w) WVel(z,y, k,,w)
(re + 1) (14 K23 () .y
0 0 gk Ve(x,y, kyyw)
7Tb7“e7“i(1 + k?)\%(&)))
= (k) VWil 9, B ), (B2)
where V £ [0/0z,0/0y, jk.] and Ezc(kz,w) is the admittivity tensor in the time and
space Fourier domain
) e (hw) 0 0
£ (k2 w)= 0 (ks w) 0 : (B.3)
0 0 v (ks w)
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and, therefore,

e o) b - b(Zm(w) + Re s(1) + Ri,J(l)) b d
T 1) R ) (Za) + R (1) + Ry (1)) Resl) b
(B.4a)
ng(kz,w):(re ) (1+ E2X3(w)) ! (1+ £ w) | .
7rb7“e7“1<1 + kg)\%,(w)) Pi <1 + kg)\%,(w))

Equation (B.2) can be transformed into (z,w) domain by applying an inverse Fourier
transform in terms of k£, which results in

]_ A VC ~,

Nor (z,w) tVVO(x,y,z,w). (B.5)

Applying inverse Fourier time-transform to the Equation (B.5) leads to

j‘e’c(x,y,z,w) =

1
J(x,y, 2, t) = —%é'vc(z,t) x VVi(z,y,2,1t). (B.6)

z,t
Appendix C. Representations of the Volume Conductor Model

Tables C1 and C2 give the complete volume conductor model as well as membrane
potential equations in four different representations: (k.,w), (z,w), (k.,t) and (z,t)
domains. In these tables, we have presented differential equations to calculate Vrﬂ/f%x,
the maximum value of the transverse component over all possible values of 6 which is
desirable in electrical stimulation. If one is interested in calculating Vi, r for all 6 then
Vi1 should be treated as a complex number. For example, the transverse equation for
current density boundary condition in (z,¢) domain should be written as

RmRe,J(l)
(R + Ri (1) + Re s(1))

(JO,w - jJO,y)a
(C.1)

AVt o
(TT,J T Vm,T) (cosf + jsinf) = 5

and therefore, two differential equations for real and imaginary parts should be solved.
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Table C1. Equations for volume conductor model in various coordinates.

Equation (ky,w) (z,w)
Constitutive Eq. je = ézcﬁ Ce J, = AZC * V'V,
Continuity Eq. V. jo =0 V-J.=0
Conductivity
L S T 14EN(w 2d/ 27 T 1 2
Longitudinal oL = —.ﬁ Ve = ; 5(z) + \/i o (_)\| | )
. pld + z V(w) d Pe 2 Pi V(w) V(w)
Transverse VZC’T =7 £ = B bv27r5(z)
Membrane Eq.
Voltage BC
. . K2 (W) ¢ PVt - 02V,
Longltudlnal Vm,L = _W)\%(u)) e )\%/( ) 822, — VmL — _)\%/ (W) 822
2 7 S ~ 7 ~
T VMax — m " VMax — m ‘/;
FABVERSE T T (7 Ry + Rev(1) " T T T (Z 4 Riv(D) + Rey(1) "
Membrane Eq.
Current BC
L ° jkA3(w) bpe 2V, ) bdJ.
L tudinal Vi, = ——————"— o2 2 mL — )2 Pe e,z
ongitudina 5 T k‘ﬁ%ﬁ(%) 26{ : A (w) 5.2 gm; );](W) 2d 02
Transverse anf%x = mFles(1) Jo anfl%x = mfe, (1) jch

(Zm + Rig(1) + Ros(1) ™

(i + Rig(1) + R (1))
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Table C2. Equations for volume conductor model in various coordinates.

Equation (k.,t) (z,1)
Constitutive Eq.  J. = ézc >II:< vV, J.=¢&° *t VYV,
Continuity Eq. V-J.=0 V.-J.=0
Conductivity
/o= 2\2 . /fo— 3 t 22
Longitudinal V= 27T5(t) _ R0y 27TH(t>e—(1+k§>\3v)Tfn e 2md(2)0(¢) \/_H( ) rr21 ( 2_2) - (E*ng
,01 PiTm @ pi 4piNoy t3 Tm )‘3\/
d
Transverse oT = () Sor = B b27r5(z)5(t)
Membrane Eq.
Voltage BC
L i dVay RN, , PVar OVl , 0%V,
Longitudinal T ka)\ I + VL = —er )\OV 9.2 — 7L B — )‘0\/ 922
dVMaX . R . d|Vi 1| R
Transverse m T | yMax _ m V. T 2 V| = — m Vo
TV g T e (R + Riv(1) + Roy(1)) T 7V dt Vinir (Ru + Riv(1) + Rev(1) "
Membrane Eq.
Current BC
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Cdt ’ (R + Ris(1) + Re s(1)) todt ’ (Rw + Ri (1) + Re ;(1))




Appendix D. Equivalence of Bidomain and Volume Conductor Formalisms

Here it is shown that the bidomain and volume conductor formalisms are mathematically
equivalent in the sense that the quantities values obtained for V,, Vi, Vi, and Vi, 1
are independent of which formalism is used. This is demonstrated by showing that
the problem of determining these four quantities using the bidomain formalism can be
transformed into the problem of solving the equations for these four quantities in the
volume conductor formalism.

Appendiz D.1. Fibre Bundle

The proof is carried out in the Fourier (k,w)-coordinates. Equations (24a) and (24b)
may be written in these coordinates as

bd 7.277bd B 2ha
sy Sl VA —V =0 D.1
UI,L z ' + Zm(w) m ) ( )
¢ ﬁ ¢
—UCTVTVbd oL k2VPY — 7 (w)vrgd = 0. (D.2)

The notatlon V1 denotes the (z,y) part of the V operator.
Vm and subsequently V an be eliminated from Equation (D.2) by substitution with

Equation (D.1) and using Vi, = V; — V, to give an equation involving only the voltage

variable V,
Zm" %UbL 2

CL+J

oPIV2VP — (gbd 4 obd) K2V, = 0. (D.3)

Zmal L

1+ k2

The following expressions in the above equation may be simplified as follows

e i 1
_ I tr R —, 1<K, (D.4)
wb’rery

bd bd
Oer, T 05,

ZmoPdohd
# = \(w), D.5
o = X (D5)
Zmabd
T = A\ (w). (D.6)
B
Substituting these into Equation (D.3) and noting ang = oy leads to
bdo2obd  Te T T (1+HATRZY 5e
ViV — k V = D.7
O'e7T TVe ﬂ_bQTeri (1 +>\%k§ 7 ( )

which is the fundamental equation determining V, for the volume conductor formalism
in (k,,w) coordinates.

The equation for VbL can be derived solving for VbL in Equation (D.2) and then
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eliminating the term containing V3 using Equation (D.7) to give
2 +1i) [ 1+ N\3k? B °
vhd — _ Blre+ i Iz 1:217bd
m,L LerZmreri 1+ N2 k2 * b2 Zyre| 7 C
Zm(A] = AY)
reA3(1 4+ k2X2)
k23 -
= — =V _ybd D.8
T+ k2% e (D-8)

This is the cable equation for voltage boundary conditions that applies for the volume

21bd
KV,

conductor formalism. It relates VbL to V;bd. As we have already shown that Vbd is

determined by the same equation for both formalisms, this now shows that VIRL is too.
In obtaining the equation above we made use of the identities Z,, = 2mbz,, (relating the
unit area membrane impedance to the unit length membrane impedance), A3, = 2, /7;
and A2 = 2,/ (re +13). ) ) ) )
Finally, for both formalisms, V;"d may be obtained from V*? and VerL via VP4 =

1
Sbd | 17bd
VP4 Vg

Appendiz D.2. General Case

The proof is analogous to the fibre bundle case, except that it is carried out in
(k,w) Fourier domain with a three dimensional spatial transform instead of just a one
dimensional transform.

Following similar steps one obtains and equation analogous to Equation (D.3)

H S bd S b 1 T & bd
obd 4+ gbd 4 Zn(k* a2k s
j :OéhkT e,h i,h ﬁh ( 1h ) k‘/e -0, (Dg)
1+ kTU}jgk

From Equations (30g) and (D.6) we find that
kK oPikB, 2 = N (w) (k- u). (D.10)

Substituting this into Equation (D.9) as well as Equations (30g), (30h) one can rearrange
to get

H 5bd Shbd 2 2%bd

R o + A (w)(k-u)“o S
§ OéhkT [5-3%,h1 (( i,L,h eLh) V( )( ) eLh u:gr h) uuT k‘/; 0.
h=1

1+ A (w)(k-u)?

(D.11)

Using the identities (D.4)-(D.6) together with aeT B = (Cfevfnh then gives fundamental
equation governing V, in the generalised volume conductor model:

-1 2 2 .
Sve pr L+ AW)K-1)?) oy ) _
E apk® { T nl ( T+ 2 (@) (k- u)? ooy | un’ | KV, = 0. (D.12)
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