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Abstract. Objective: The objective of this paper is to present a concrete application
of the cellular composite model for calculating the membrane potential, described in
an accompanying paper. Approach: A composite model that is used to determine
the membrane potential for both longitudinal and transverse modes of stimulation is
demonstrated. Main results: Two extreme limits of the model, near-field and far-
field for an electrode close to or distant from a neuron, respectively, are derived
in this paper. Results for typical neural tissue are compared using the composite,
near-field and far-field models as well as the standard isotropic volume conductor
model. The self-consistency of the composite model, its spatial profile response
and the extracellular potential time behaviour are presented. The magnitudes of
the longitudinal and transverse components for different values of electrode-neurite
separations are compared. Significance: The unique features of the composite model
and its simplified versions can be used to accurately estimate the spatio-temporal
response of neural tissue to extracellular electrical stimulation.



1. Introduction

Extracellular electrical stimulation can be used to activate populations of excitable
cells in neural tissue. Therefore, it has been used in neuroprosthetic devices to treat
neural disorders [1-3]. Applications include: retinal and cochlear implants, deep brain
stimulators, pacemakers and prosthetic limbs. Estimating the effect of extracellular
electrical stimulation on excitable cells is an important step in designing stimulation
strategies for neuroprosthetic devices. Quantitative models, such as volume conductor
models in combination with the cable equation, can be used to find the membrane
potential of an excitable cell that is induced as a result of an external electric field.

A common approach in modeling extracellular electrical stimulation is based on
using a volume conductor model [4,5]. In volume conductor models, the membrane
potential is calculated in two stages. The extracellular electrical potential or current
density in the tissue are calculated in Stage 1 through a macroscopic description of
neural tissue. The extracellular electric potential (or current density) on the surface of
the membrane can be calculated in this stage and is referred to as voltage boundary
conditions (or current density boundary conditions). In Stage 2, the membrane
potential of the neurite can be calculated using membrane equations available in the
literature [6-9]. In Stage 1, it is common to assume that the tissue is isotropic and
can be modeled by a single conductivity value [9]. This value is estimated to be about
0.1-0.3 S/m based on experimental data available in the literature [10-12].

Standard volume conductor models consider the tissue to be purely resistive and
homogeneous on a microscopic scale. However, tissue is highly heterogeneous on a
microscopic scale, comprising both intra- and extracellular spaces, which are separated
by a cellular membrane. This causes current to flow in more complicated ways
than predicted by a simple resistive volume, because current in the highly confined
extracellular spaces will redistribute into the less confined intracellular space by passing
across the cellular membrane. Various properties of the membrane make this a non-
trivial process, including its high impedance relative to the resistance encountered in
either the extra- or intracellular space, its capacitive properties and its elongated spatial
extent along neural fibres. As a result the tissue has filtering properties that effect
current and voltage distributions on a macroscopic scale spatially (due the length of
neurites) and on time scales relevant to neuroprosthetic stimulation. These effects are
not captured by standard volume conductors.

A related problem with standard volume conductor approaches is that they contain
an internal inconsistency between Stages 1 and 2 of the model [13]. The predicted neural
response using standard volume conductor models depends on whether the extracellular
voltage or current density around a neurite (from Stage 1) is used as an input to calculate
the membrane potential (in Stage 2). Physically this does not make sense, and raises
the question of which (if either) prediction is correct.

Intuitively, the mismatch between using the current density or voltage boundary
conditions to calculate the membrane potential arises because a two stage model is used



both here and in the literature. The two stages of the model are not consistent with
each other because one is essentially solving Maxwell’s equations twice; once on the
macro-scale in Stage 1 for the tissue and again on the micro-scale in Stage 2 for the
neurite. In each case, the solution yields values for the voltage, V, or current density,
Je, on the boundary of the neurite. These values for both V, and .J, will be the same for
both Stage 1 and Stage 2, if and only if the neurite was embedded in the original Stage 1
volume conductor model. If instead, the neurite is replaced by something else (e.g. an
isotropic volume conductor), one can match either V, or J, on the boundary of the
neurite between Stages 1 and 2, but not both.

The inconsistency associated with standard volume conductor models is a
consequence of neglecting the effect of neurites in the tissue on the extracellular voltage
and current density in Stage 1. This issue has been addressed in [9,14,15]. Furthermore,
such approaches do not account for the effect of neighbouring neurites, which have been
shown to be significant. In fact, the problem has its root in the inadequate treatment of
the tissue electrical properties as simply resistive, because the specific impedance of the
tissue in the Stage 1 volume conductor cannot be matched to the specific impedance of
the imbedded neurite in Stage 2. A more technical explanation of the inconsistency of
the volume conductor models is given in Appendix A.

In the companion paper [16], we addressed these problems associated with available
volume conductor models, by accounting for cellular composition of tissue. We adopted
a mean-field theory to provide a mathematical description of the tissue admittivity based
on the properties of its cellular constituents. When combined with our previous work
on Stage 2 of the volume conductor approach [17,18], this leads to a class of two-stage
cellular composite volume conductor models that is self-consistent (hereafter referred to
as the “composite model” for short). The proposed class of models can estimate profiles
of electrically evoked neural activity, including phenomena that cannot be predicted by
traditional volume conductor models. In this paper, we present results to illustrate how
the predictions of this new class of volume conductor models differs from the predictions
of standard volume conductors.

1.1. Aims and organisation of this paper

In this paper, we present the analytic solution of the composite model for the simple
case of a point source electrode in a bundle of identical parallel fibres. The simplicity of
this case allows us to illustrate the distinctive features of the new modelling framework
that arise from considering the cellular composition of tissue. We demonstrate how
to calculate the extracellular potential, extracellular current density, and membrane
potential for the composite model using Fourier techniques. Two standard volume
conductor models are derived that approximate the composite model for the near-field
and far-field cases. We also consider a standard isotropic volume conductor model.
These volume conductor models and the acronyms used for them in this paper are
listed in Table 1. We compare the predictions of the composite model to those of the



Table 1. The volume conductor models used in this paper to calculate the membrane

potential.

Model Acronym
Cellular composite volume conductor model CC
Anisotropic near-field volume conductor model ANF
Anisotropic far-field volume conductor model AFF
Isotropic volume conductor model ISO

three standard models to highlight the differences and similarities.

In the Methods (Section 2), we provide an overview of the composite model for
identical parallel fibres and presents how to calculate the extracellular potential or
current density using the proposed model. The near-field and far-field approximate
models are extracted from the composite model in this section. Equations describing
the membrane potential in the Fourier domain are summarised in the same section.

In the Results (Section 3), we demonstrate the distinctive features of the composite
model relative to the three standard models: namely its self-consistent prediction
of membrane potentials and its spatio-temporal filtering properties that affect the
distribution of the extracellular potential, the extracellular current density and the
subthreshold membrane potential. At each stage a discussion is provided to interpret
the results in terms of the cellular composition of tissue. The discussion also relates the
results to previous work and suggests possible implications for neural engineering. In
the Discussion (Section 4), the composite model is compared to the available models in
the literature. Conclusions of the paper are presented in Section 5.

2. Methods

Consider a piece of neural tissue consisting of parallel fibres in the presence of a point
source stimulating electrode as shown in Figure 1. The objective is to calculate the
membrane potential of a neurite located at a distance r from the point source. We
employ the commonly used two-stage approach. In Stage 1, we use a volume conductor
model to calculate the extracellular potential, V, or the extracellular current density,
Je. In Stage 2, we use the equations derived in [17,18] to calculate the longitudinal and
transverse components of the membrane potential. These components of membrane
potential correspond (respectively) to current passing into and along the neurite in a
radially symmetrical fashion, as described by a cable equation, and current passing
orthogonally across the neurite, depolarising one side and hyperpolarising the other, as
describe by a time-dependent ordinary differential equation. These modes are illustrated
in Figure 1 of the companion paper [16].



NTES

Point source

Neural tissue

Figure 1. Coordinates setup for a point source.

For Stage 1, four different volume conductor models will be used: the cellular
composite model [16], which accounts for the cellular composition of tissue, and
three standard volume conductor models corresponding to the near-field and far-field
approximations to the composite model and an isotropic model. These are defined
further below, but differ from each other in the way the electrical properties of the
tissue are modelled through either their admittivity or conductivity.

For Stage 2, in which the results of Stage 1 are used to calculate the subthreshold
membrane potential, identical equations will be used for all four models. Consequently
difference between predictions of the models are due to the way the tissue properties
are captured through either the admittivity or conductivity in Stage 1.

A summary of equations for calculating longitudinal and transverse components of
the membrane potential in the Fourier domain, V,,, as a functior} of the spatial Aand
temporal Fourier transform of the extracellular current density, Je, or voltage, Vi is
given in Table 2. The ‘L and ‘T’ subscripts stand for ‘longitudinal’ and ‘transverse’,
respectively. Fourier transform notations used throughout are presented in Table 3
and the neurite parameters are given in Table 4. The equations for calculating the
longitudinal and transverse components of the extracellular current density and voltage
derived in [16] are summarised in Table 5 and are required as inputs for the equations
in Table 2. Given that in this paper we only consider the volume conductor model,
we have dropped the ‘vc’ superscript in this paper that was used in [16] to distinguish
between volume conductor and bidomain models.

We provide analytic solutions of the membrane potential in the Fourier domain for
the composite volume conductor model, anisotropic near-field, anisotropic far-field and
isotropic volume conductor models.



Table 2. The membrane potential equations for different modes of stimulation under
current density and voltage boundary conditions.

Boundary Conditions Longitudinal Transverse
Current S 2mbr A3 (w) < o :
m m =2 e 1 e
Density L= + k‘z)\2(w)J Vin, Rey(1)Je
s —E2A\Y(w) ¢ S S
Voltage Vg = —5 2V, Voo = —2V0
& P IE2(w) T it

Table 3. Fourier transform notations.

Signal F.T. Notation F.T. Equation Inverse F.T. Equation

1

f(z) flke) = F{f(2)}(k:) f(@)z% / fEeAdz ()= = | (ke dh.

W) hw) = FOw)  hw) = \/% /t hee  dt h(t) = \/% / i

w)el dw

2.1. Cellular composite model

2.1.1. Stage 1: Calculating the extracellular potential The constitutive and continuity
equations in time and space domain are [16]

1

Constitutive Equation: J. = —2—56 *tVVe, (1a)
7T Z7

Continuity Equation: V.J.=0, . (1b)

where J. and V, represent the extracellular current density and voltage, respectively, and
€. is the neural tissue admittivity kernel. The above equations in the Fourier domain

may be written as

Constitutive Equation: je = —Eev ce, (2a)
Continuity Equation: V. je =0, (2Db)
where j and \C/ are Fourier transforms in time and space of the extracellular current
density and extracellular potential, respectively. V = [0/0x,0/0y, jk.] and
. er 0 0
§o(koyw)=| 0 &p 0 : (3)
0 0 E&ulk,w)



Table 4. Parameters of neural tissue.

Parameter Description Unit
a Neurite radius m
b Outer cylinder radius m
d Width of the extracellular sheath, d =b—a m
pi Intracellular space resistivity Q-m
Pe Extracellular space resistivity Q-m
T Intracellular resistance per unit length, r; = p;/ma® Q/m
Te Extracellular resistance per unit length, r, = p./m(b* — a?) Q/m
Ry Membrane’s unit area resistance Q-m?
T'm Membrane’s unit length resistance, r,, = Ry, /27a Q-m

Transverse extracellular specific resistance for current density 9
Re (1) o 9 Q-m

boundary conditions, R j(1) = p.b”/d
Cm Membrane’s capacitance per unit area F/ m?
Cm Membrane’s capacitance per unit length, ¢, = 2maCy, F/m
T Membrane’s time constant, 7, = RpnCon = TmCm S

-1
Zm Membrane’s specific impedance, Z,,, = (RL + ijm) Q-m?
m

Static electrotonic length constant for current density

Aoy boundary condition, g, = fm -
: Te + T
(@) Frequency dependent electrotonic length c)(\)nstant for current
Jl\w . o (054 m

density boundary condition, A\j(w) = Vi

Static electrotonic length constant for voltage boundary
Aoy condition, Ao, = i—m -

i

Frequency dependent electrotonic length constant for voltage

)\V (OJ) Ov m

boundary condition, Ay (w) =

V14 jwry

Table 5. Equations for calculating the longitudinal and transverse components of the
current density and voltage boundary condition.

Longitudinal Transverse
b0, (r z,t) 1
Jor(r,2,t) = 5 5, Jor(r, 2, t) = —§Je7r(r,z,t)
bOVe(r, 2, 1)

Vve,L(Ta Zat) = V;(’I“,Z,t) ‘/e,T(rath) = _2 o
r




in which

¢ d

£C,T :bp Y (4&)
s 11+ jwr, + k2N2

go’L(kzch) _ JWT, 2703 (4b)

pi L+ jwT + k2N,

By substituting the continuity equation into the constitutive equation and
transferring the resultant equation into cylindrical coordinates, we obtain

A

PVialr k) | 10Vl k)
or? r or

3 kz,w ¢

ge*L(c ) k2 Vi(r, k., w) =0, (5)
é-e,T

where r is the radial distance from the z-axis. The above equation is the modified

Bessel’s differential equation and the solution is calculated to be

A

° I 2 .
0ol k) = 2 B (G ). (0
47T£0,T T

where y(k.,w) is a measure of anisotropy and is defined to be

In Equation (6), I(w) is the time Fourier transform of the applied current through the
point source and K represents the zeroth order modified Bessel’s function of the second
kind. The details of deriving Equation (5) and calculating its solution are presented
in Appendix B. The current density in the time and space Fourier domain can also be
calculated from the constitutive equation, which results in

< j w 2 2 S
Jo(r, k,,w) = %ﬁ(x(kz,w)\kzﬁ{l (X(kz,w)r|k;z\) e,

= ke X ke, ) Ko (X (ke ) ez ) ®)

where e, and e, are unit vectors in the radial and z-directions, respectively. In the
above equation, K is the first-order modified Bessel’s function of the second kind. A
summary of the equations describing the extracellular current density and voltage in
the tissue is presented in Table 6.

2.1.2. Stage 2: Calculating the membrane potential The membrane potential in
the Fourier domain can be calculated for both longitudinal and transverse modes of
stimulation using equations presented in Tables 2 and 5. Therefore, the longitudinal



and transverse membrane potential in the time and space Fourier domain, either using
voltage or current density boundary conditions, can be written asi

A /{?2)\2 R
Go \f Ko (% (ke rl] ), (99)
4nt, (1+k:2>\2

ffmm - bl (w) kaw |k |\/7K (k.,w)r|k. |> cos 0, (9b)
47T£0T

in which 6 is the azimuth angle in cylindrical coordinates on the surface of the cylindrical

neurite, with respect to a reference line from the centre of the cylinder to the point source
at the origin. The membrane potential in the Fourier domain for the longitudinal and
transverse components are EllSO presented in Table 7. For the cellular composite model,
X" = X(kz,w) and £ = &

To find the longitudinal and transverse components of the membrane potential,
we apply the two-dimensional inverse Fourier transform in both space and time. The
overall membrane potential of a neurite as a function of its distance from the point
source stimulating electrode, 7, is

Vin(r, 2,0,t) = Vip1,(r, 2, t) + Vi (1, 2, 6, 1). (10)

2.2. Anisotropic near-field model

For a standard anisotropic volume conductor model of tissue, the constitutive and the
continuity equations can be written as

Constitutive Equation: J. =—-0™VTV,, (11a)
Continuity Equation: V-J.=0, (11Db)

where J, and V, are extracellular current density and voltage, respectively, and o™
represents the model conductivity tensor,

P 0
o™= 0 orf 0 |, (12)
0 0 oof

in which o7y and o071 are conductivities in the longitudinal and transverse directions,
respectlvely. When the stimulating electrode is sufficiently close to the neurite, which
is referred to as the near-field, we show in Appendix C that small values of r and
z corresponds to large values of k,. Therefore, the longitudinal and the transverse

I Given that Z,, > Riv(1),Rev(1), the full version expression for the longitudinal membrane

| Zmb T(w)X (kz, w)| k| . o
potential, V,, ¢ = Nor (Zm—FRi,V(l)-FRc,V(l)) 471-5 ) K, (x(kz,w)r|/€z|) cos @, simplifies

to Equation (9b). More explanation is given in [16].

9



Table 6. Extracellular voltage and current density in time-space domain and the

Fourier domain for the composite and standard models used in this paper. g“% and
x*¥" for each model are given in Table 8.

Fourier Domain Time-Space Domain

Composite
V= \[KO Kl w) 7]k V. = DFT'{V.}
47T§ T
joLe) 24, ) (e K1 (X (R, ) s ) @, :
e T T z z z z T JC _ DFT_l{jC}
i X (ks 0) K (X (ke )1 )
Standard models (near-field, far-field and isotropic)
S I(t)
mdl —
v 47T0_md1 \/7K0 T‘k | ‘/C o mdl

47TUO,T (del)Q’I“Q + 22

¢ ](w) 2 . -
Jo= 47 \/7 dl<|k |K ( dlr\kzDer— JC:I(t) ((X dl)QTeT—O—zez)

e YR (delr|k:z|)ez> 47r((de1>27~2 + 22)3/2

Table 7. Equations for the membrane potential under voltage and current density

boundary conditions. £ and x™* for each model are given in Table 8.

Voltage boundary condition

S ]{52 )\2
Longitudinal V(7 kzyw) = \/7[{ |k, ‘
dmena (1 + k2>\2
© b m‘“] 2
Transverse Vour(r k., 0,w) = 2 gm(dl w) \/jk:ZKl (X"‘dlr|k‘z|) cos 6
’ ™

Current density boundary condition

s _b2k2)\2 mdl o
Longitudinal VL (7, ks, w)= () 6 red \/7K "‘““r|k:|

1(1+ k2N
: Rey ()™
Transverse Viur(r k., 0,0) = 2] )47r (W )\/;szl (X“’dlr|kz|) cos 6

10



components of the conductivity can be calculated from Equation (4) as k, — oco. Thus,
for the near-field model,

2d
ANF __ 1 .
O'e7L - kll_rféo ge,L(kzaW) - bpe’ (13&)
d
ANF o, ) 13b
=&eT = by (13Db)

In this case, the extracellular voltage in the Fourier domain is

Va(r, ko) = WANF\f Ko (¢ k) (14

where

ANF

Y (15)

ANF
ao T

Equation (14) can be inverted analytically to give the extracellular potential in the time-

space domain. The analytic results are given in Table 6. The membrane potential for

both modes of stimulation can be calculated from equations given in Table 7 by setting
mdl __ mdl __ ANF

X" =xM"and i = o0y

2.3. Anisotropic far-field model

We show in Appendix C that the far-field corresponds to small values of k.. The
constitutive and the continuity equation indicated by Equation (11) apply in this case
as well. In the far-field limit, the longitudinal and the transverse components of the
conductivity can be calculated from Equation (4),

1
AF _—
oo = kljmo o (ks w) = o (16a)
oo =&or = d . (16b)
bpe

The extracellular potential in the Fourier domain is

V(r k.,w)= 47TO'AFF\/7KO X | kL) (17)

where

o A AFF bpo 1 8
X AFF dpl ( )

The extracellular voltage and current density in the time-space domain can also be
calculated analytically and the results are presented in Table 6. Similar to the near-
field model, the membrane potential for both modes of stimulation can be calculated

from equations given in Table 7 by setting x™* = x*" and {77 = ogrr .

11



2.4. Standard isotropic volume conductor model

In an isotropic volume conductor model, the neural tissue conductivity is direction

independent. Therefore, o5F = oop = 0o where 0y is a constant. In this case, x'*° = 1.

As a result, in Equation (11a), the conductivity of tissue, o™

, can be modeled by a
single scalar, oy.
The extracellular voltage and current density at an arbitrary point at distance R

from the point source stimulating electrode shown in Figure 1 are calculated to be

I 1

Ve= - ) 19a
drogR  Arog/r? + 22 (19a)

I I
Jo= TR = gnr e A0, (191)

where e is the unit vector in the radial direction in spherical coordinates and e, and
e, are unit vectors in the radial direction and the z-direction in cylindrical coordinates.
The extracellular voltage and current density in the time-space domain and the Fourier
domain are presented in Table 6.

The longitudinal and the transverse components of the membrane potential can
be calculated from the equations presented in Table 7 by setting x™* = x™° = 1 and

mdl __ ISO __
e,T — O, = O0-

A summary of admittivities and conductivities in the longitudinal and transverse
directions for the four models described in this section is presented in Table 8. The
square root of the ratio of the longitudinal to the transverse component of the admittivity

mdl

for each model, x™", is presented in the table as well.

3. Results

In this section, we compare the results of numerical calculations in MATLAB for the
four volume conductor models introduced in Section 2:

(i) The composite model whose admittivity kernel is given by Equations (3) and (4);

d
(ii) The near-field model with .1, = 1/p; and o1 = by :
. 2d d
(iii) The far-field model with o1, = and o, = :
’ bpe ’ bpe

(iv) The standard isotropic model with oy = 0.1S/m.

It should be noted that the near-field, far-field and the isotropic models are standard
volume conductor models that do not account for the electrical properties of the tissue
due to its cellular composition. The only model that considers these properties of the
tissue is the composite model.

We present the results in three different categories to emphasise the differences
between the composite model and the three standard volume conductor models. First,
we demonstrate that the composite model gives self-consistent answers for the membrane

12



Table 8. Admittivities and conductivities in the longitudinal and transverse directions
for the models described in Section 2. Note that for the composite model, the
admittivity is presented while for other models conductivities are presented. The
expressions in this table can be used to calculate the membrane potential for
longitudinal and transverse modes of stimulation under voltage and current density
boundary conditions presented in Table 7.

Model Longitudinal (£7)) Transverse (£;') X
Composite ge,L(kz,w):%% fe,T = bio f((k:z,w) £ %
Near-field ol = Zi ooy = bc,je i \/ Zgg =2

Far-field ool = % oo = % X = Zé:g = prel
Isotropic Oul, = 00 Ot = 00 Pa— %Z =1
e,T

Table 9. Parameters of the neurite used in simulations. These are nominal values
taken from literature [19-32].

b(m) d(m) pi(Qm)  po(Qm) Ry(Qm?) Cn(F/m?)
0.5x107% 0.03x107° 0.7 0.7 1 0.01

potential, independent of boundary condition type in Stage 2, whereas the standard
models do not. Second, we examine the spatial profile of the composite model and
demonstrate that it interpolates between the two extreme cases of the near-field and
the far-field models. The contribution of the longitudinal and transverse modes of
stimulation to the overall membrane potential in the composite model are presented.
Finally, the temporal behaviour of all models are compared.

The parameters of neural tissue used throughout are presented in Table 9 and
are nominal values taken from the literature [19-32]. The parameters of the neurite
derived from these parameters are presented in Table 10. Except where noted otherwise,
simulations are performed for a cathodic first, biphasic pulse stimulus with 1pA
amplitude and pulse duration of 7, = 100us per phase. We present the results for
the longitudinal component of the membrane potential, V;, 1,, followed by the results for
the transverse component of the membrane potential, V;, .

13



Table 10. Calculated parameters of the neurite.

Tm(s)  Tm(2m)  7ri(Q/m)  7(2/m) Ao, (m) Aoy (m)
1x1072 3.39x10° 1x10? 7.66x10* 1.98x10™* 5.79x10~*

3.1. The composite model gives a self-consistent membrane potential but the standard
models do not

3.1.1. Longitudinal mode of stimulation Figure 2 provides an example of the cylinder
plots of the longitudinal component of the membrane potential for the composite, near-
field, far-field and isotropic models at the end of the cathodic phase (first phase) of
the stimulation, ¢ = 100us. In this example, the electrode-neurite separation is set
to r = 50um. The top row in each part of this figure represents the (longitudinal)
membrane potential under voltage boundary conditions while the bottom row in each
part represents the (longitudinal) membrane potential under current density boundary
conditions. The same color-map is used for all plots in this figure. These plots illustrate
that only the composite model results in a self-consistent membrane potential that is
the same across boundary conditions types.

The axial symmetry feature of the longitudinal component is clearly demonstrated
in Figure 2. It can be observed from these plots that the maximum depolarisation occurs
at z = 0, which is located under the point source stimulating electrode. Furthermore,
all models predict a symmetric hyperpolarising effect at some distance from z = 0.
The magnitude and spatial extent of polarisation depends not only on the type of the
model, but also on the type of the boundary condition applied for all models except the
composite model. The greatest level of discrepancy is present in the isotropic volume
conductor model, both in terms of magnitude and spatial extent of polarisation.

A quantitative comparison of the longitudinal component of the membrane
potential predicted by these models is presented in Figure 3 for a range of electrode-
neurite separations, r. The longitudinal membrane potential directly under the
electrode, z = 0, at the end of the cathodic phase (t = 100us) is plotted for each model
under voltage and current density boundary conditions. This figure emphasises the fact
that the only self-consistent model is the composite model. The near-field and far-field
models are self-consistent for small and large electrode-neurite separations, respectively.
For the isotropic model, the discrepancy between current density and voltage boundary
conditions exists across the whole electrode-neurite separation range. Discrepancies for
all three standard models can range up to nearly an order of magnitude over the range
of r examined.

3.1.2. Transverse mode of stimulation
For the same neurite in Section 3.1.1, the cylindrical plot of the transverse

14



(b) ANF

(d) ISO

Figure 2. The longitudinal component of the membrane potential at the end
of the cathodic phase, Vinr1.(z,t = 7p), for voltage and current density boundary
conditions for the neurite whose parameters are presented in Table 9. Comparison
is made for (a) composite, (b) near-field, (c) far-field and (d) isotropic models. The
top row on each figure represents the membrane potential under voltage boundary
conditions (VBC) and the bottom row represents the result for the current density
boundary conditions (JBC). The red color represents depolarisation while the blue
represents the hyperpolarisation effect. For the isotropic model, a typical value of oq is
considered for the tissue conductivity. The electrode-neurite separation is r = 50um.
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Figure 3. The maximum depolarisation generated by the longitudinal component of
the membrane potential at the end of the cathodic phase, Vi, 1,(z = 0, = 7), under
voltage and current density boundary conditions as a function of the electrode-neurite

separation, r. Simulation results compare the four models described in this paper,

(a) composite, (b) near-field, (c) far-field and (d) isotropic.

component of the membrane potential under a point source stimulation with the same
biphasic profile is shown in Figure 4. The format of this figure is the same as of Figure 2.

Figure 4 illustrates the qualitative differences between the transverse and
longitudinal modes of the membrane potential when compared to the plot presented
in Figure 2. There is no axial symmetry in the transverse mode of stimulation and at
each point in time, opposite sides of the fibre are depolarised and hyperpolarised with
the same magnitude of potential. The maximum depolarisation in the transverse mode
occurs at z = 0 and an angle # = 0 corresponding to the side of the neurite directly
facing the electrode.
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Figure 4. The transverse component of the membrane potential at the end of the
cathodic phase, Vin 1.(2,t = 7p), for voltage and current density boundary conditions
for the neurite whose parameters are presented in Table 9. Comparison is made for
(a) composite, (b) near-field, (c) far-field and (d) isotropic models. The electrode-
neurite separation is r = 50um. The figure format is the same as of Figure 2.
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It can be shown that the transverse mode of the membrane potential is self-
consistent, not only for the composite model, but also for the near-field and far-field
models (see equations in Table 7 for VmT; notice that the ratio between voltage and
current density boundary conditions is unity). This is evident in Figure 4. For the
isotropic model, the predicted values of the membrane potential are not self-consistent,
but differ by a constant factor (equal to 6/7 for the parameters used here).

3.1.3. Discussion of the results In contrast to standard models, the composite model
connects the microscopic properties of the neurite in Stage 2 to the macroscopic electrical
properties of the tissue in Stage 1 by introducing a non-local and non-instantaneous
anisotropic admittivity kernel for the neural tissue. In particular, self-consistency across
the two stages in the composite model is guaranteed, by ensuring that V;, and J, from the
Stage 1 volume conductor satisfy the transimpedance equation for an individual neurite
derived in [17] on the neurites boundaries. Therefore, the membrane potential calculated
through the composite model results in a self-consistent membrane potential, regardless
of whether V, or J. is applied as a boundary condition in Stage 2. By contrast, the
transimpedance of a cylindrical volume corresponding to a neurite in a standard volume
conductor model is not matched to that of an actual neurite, so that inconsistency
results.

It should be noted that choosing V, as a boundary conditions in standard
models (which is standard practice in two-stage volume conductor models) does not
provide a generally better approximation to the predictions of the composite model
than does choosing J. as a boundary condition (see Figure 3). While it is possible
to find a standard volume conductor model that approximates the composite model’s
predictions for a limited range of electrode-neurite separations (e.g., far-field or near-
field models), it is not possible to find a standard model that well approximates the
composite model over the whole range. Thus fitting or applying standard models to
data over a wide range of electrode-neurite separations is expected to result in errors in
some parts of the range, which can be in excess of several hundred percent.

3.2. The membrane potential of the composite model differs in spatial profile and
magnitude compared to standard models: Interpolating between near and far field
models

3.2.1. FEaxtracellular potential The extracellular potential in the tissue, V,, gives rise
to the driving term in the neurite equations presented in Table 2. These neurite
equations are the same for all four models. Therefore, differences in the spatial
pattern of membrane potential arise because of differences in the extracellular potential
distribution across the tissue. To inspect the spatial behaviour of each model described
in Section 2, we plot V; along the fibre (z direction) as a function of the electrode-neurite
separation for each model. The results at the end of the first (cathodic) phase of the
stimulus (¢ = 100us) are presented in Figure 5. Both 2z and r range logarithmically from
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Figure 5. The extracellular potential in neural tissue, V,, parallel to fibres as a
function of electrode-neurite separation, r, at ¢t = 7, (see Figure 1 for description of r
and z). V. is calculated for a point source for (a) the composite model, (b) the near-
field model, (c) the far-field model and (d) the isotropic model. The black solid lines
represent equipotential lines for three voltage levels, ImV, 10mV and 100mV, for each
model. The red dashed line represent the equipotential line generated by the far-field
model with 5% error compared to the composite model. The green dash-dotted line
is the equipotential line generated by the near-field model with 5% error compared to
the composite model.

lpm to Imm. It should be noted that as the electrode-neurite separation, r, and the
distance from the centre of the neurite increase, the extracellular potential decreases
dramatically. Therefore, in order to be able to show the membrane potential along the
fibre as a function of the electrode-neurite separation, logarithmic scales are used. The
black solid lines represent equipotential lines for three voltage levels, ImV, 10mV and
100mV, for each model. The red dashed line represent the equipotential line generated
by the far-field model with 5% error compared to the composite model. Therefore, for
any far-field larger than what is marked by this line, the error of the far-field model is less
than 5%. The green dash-dotted line is the equipotential line generated by the near-field
model with 5% error compared to the composite model. Thus, if the electrode-neurite
separations is smaller than what is marked by this line, the error of the near-field model
is within 5% compared to the composite model.
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Plots in Figure 5 clearly show the difference between the spatial profile created by
the composite model and the other models. Figure 5(a) shows the intrinsic anisotropy of
the composite model. For small values of r and z, the extracellular potential predicted
by the near-field model converges to the composite model as shown in Figure 5(b). In
the far-field limit, the extracellular potential predicted by the far-field model approaches
the composite model as illustrated in Figure 5(c). The degree of anisotropy in these
plots can be inferred by comparing to the behaviour of the isotropic model shown in
Figure 5(d). Note that due to the log-log plot. the equipotential contours in this figure
appear “square” instead of circular.

3.2.2. Longitudinal mode of stimulation Next, we examine the effect of model type on
the spatial profile of longitudinal membrane potential. To provide a more quantitative
view of the behaviour, the longitudinal membrane potential along the fibre (z direction)
is presented in Figure 6 for these four models at three electrode-neurite separations,
r = bum, r = 50pm and r = 100um (under voltage boundary conditions). These
values correspond to the near-field, mid-field and far-field, respectively (for a pulse
duration of 100us; see next subsection on temporal aspects). This figure illustrates
that the near-field and far-field models converge to the composite model for small and
large electrode-neurite separations, respectively. In mid-field and far-field ranges, the
isotropic model not only fails to predict the maximum depolarisation, but also fails to
estimate the polarisation extent generated by the extracellular electrical stimulation.

In Figure 7, the maximum depolarisation along a fibre generated by the composite,
near-field and far-field models are presented as a function of the electrode-neurite
separation for both voltage and current density boundary conditions separately. This
figure illustrates that for small values of the electrode-neurite separation (for this case
r < 5um) the result of the near-field model converges to the composite model (for both
voltage and current density boundary conditions). On the other hand, for large values of
the electrode-neurite separation (for this case r > 100um), the far-field model converges
to the membrane potential predicted by the composite model. Therefore, the composite
model is interpolating between the near-field and the far-field models for both voltage
and current density boundary conditions as shown in Figures 7(a) and 7(b).

3.2.3. Transverse mode of stimulation The transverse component of the membrane
potential along the neurite is shown in Figure 8. Again, three electrode-neurite
separations, r = bum, r = 50um and r = 100um, are used, corresponding to near-
field, mid-field and far-field (for a pulse width of 100 us), respectively. This figure
shows the differences between the spatial profiles generated by each model along the
fibre. Again, there is a good match between the composite model and its near-field and
far-field limits, for the corresponding values of 7.

The maximum transverse depolarisation along a fibre (i.e., at z = 0) as a function
of the electrode-neurite separation for the composite model and its extreme limits are
shown in Figure 9. It is worth mentioning that for the transverse mode of stimulation,
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Figure 6. The longitudinal component of the membrane potential along the fibre

for the four models described in the paper under voltage boundary conditions. The
electrode-neurite separations are (a) r = 5um, (b) r = 50um, and (¢) » = 100um. The
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Figure 7. Maximum depolarisation generated by the longitudinal mode of stimulation
for the composite model and its two extreme limits, the near-field and far-field models,
as a function of electrode-neurite separation, (a) voltage boundary conditions and
(b) current density boundary conditions.

the composite, near-field and far-field models are self-consistent and, therefore, one
plot is sufficient to show the maximum depolarisation as a function of electrode-neurite
separation. Similar to the longitudinal mode, for small and large values of the electrode-
neurite separation, r < 5um and r > 100um, the near-field and far-field models are
sufficiently accurate to estimate the transverse component of the membrane potential.
Therefore, the composite model is interpolating between the near-field and the far-field
models.

3.2.4.  Discussion of the results The results show that the membrane potential
predicted by the composite model is generally different in magnitude and spatial
profile compared to standard models. However, they also show that the near-field
and far-field models are simple, yet accurate, approximations to the more complicated
composite model for short and long electrode-neurite separations, respectively. Hence,
the composite model interpolates between the two asymptotic limits.

Generally, the near-field model predicts greater values for membrane potential than
the far-field model. This is because the longitudinal conductivity is less for the near-
field model than for its far-field counterpart (UQLNF = 2d/bp, < 1/p; = U?,EF). In
terms of the composite model, this reflects that the effective longitudinal conductivity
is comparatively low near the electrode, as the current is forced through the confined
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Figure 9. Maximum depolarisation generated by the transverse mode of stimulation
for the composite model and its two extreme limits, the near and far-field models, as
a function of electrode-neurite separation, r.

extracellular space, but is comparatively large far from the electrode, by which point
much of the current has entered the low resistance intracellular pathway along the
neurite.

The near-field model is generally much closer to isotropic behaviour than the far-
field model. This is reflected in the values of the anisotropy ratio y = v/2 for the near
field model and x = \/bp./dp; > 1 for the far-field model. Thus, the distribution of V,
and J. is much closer to isotropic in the near-field than the far-field for the composite
model. This is expected to have implications for the volume of tissue activated by
stimulation, and also for stimulation strategies that rely on the spatial interaction of
neighbouring channels to improve spatial selectivity, such “current steering” approaches.

A limitation of the model is that the approximations involved in its derivation limit
its validity to values of electrode-neurite separation significantly greater than the radius
of an individual neurite (= 0.5um here). Consequently predictions for distances closer
than Hum to the electrode should be treated with caution.

An examination of the conditions under which the near-field or far-field limits apply
is left to the next subsection, as this depends not only on electrode-neurite separation,

24



-10°
-10" E

o

1P

A0

z[pm

-10
10° 10° 10° 10° 10°

r[pm] r{pm] r[pm]

(a) (b) ©)

Figure 10. The extracellular potential for the composite model as a function of
electrode-neurite separation, r, and distance along the neurite, z, (see Figure 1 for
description of r and z) for three different pulse durations (a) 7, = 10us, (b) 7, = 100us
and (¢) 7, = lms. The dash-dotted green lines and dashed red lines show the
equipotential lines for the near-field and far-field models, respectively, with 5% error
compared to the composite model.

but also on pulse width.

3.3. The short-pulse limit of the composite model is the same as the far-field limit

The longitudinal admittivity of the composite model depends on both temporal and
spatial frequency (see Equation (4b)). Consequently, temporal aspects of the stimulus,
such as pulse width, can affect the spatial properties of potentials. To examine the effect
of pulse width on the spatial distribution of potentials, Figure 10 shows the extracellular
potential for the composite model as a function of electrode-neurite separation, r, and
distance along the neurite, z, for three different pulse durations: 7, = 10us, 100us
and 1ms. Also shown on the plot are contours for far-field and near-field limits (as
appropriate). The dash-dotted green lines and dashed red lines show the equipotential
lines of for the near-field and far-field models, respectively, with 5% error compared to
the composite model. Note that for the shortest pulse duration of 10us, the far-field
model provides a good approximation for smaller electrode-neurite separations. The
5% error line for the near-field model for 7, = 10us is about lym in both r and z
directions and that is why it is not observed in Figure 10(a). At longer pulse durations,
the extracellular potential of the composite model interpolates between the near-field
and far-field models as explained in the previous subsection.

Figure 11 shows the longitudinal membrane potential of the composite model as
a function of pulse width at an electrode-neurite separation of » = 50um. The figure
shows that for such a neurite-electrode configuration, the membrane potential can be
made to interpolate between the near-field and far-field limits as 7, is decreased from
1ms to 1us.
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Figure 11. The maximum longitudinal membrane potential for the composite, near-
field and far-field models at the end of the cathodic phase. The electrode-neurite
separation is 7 = 50um. For the near-field and far-field models, equations for voltage
boundary conditions are used.

3.3.1. Discussion of the results 'The transition in space from near- to far-field must be
considered with respect to pulse width. The transition is governed by the separation
of the neurite from the electrode, r, relative to the magnitudes of effective electrotonic
length constants, which are dependent on temporal frequency:

)\0\/
[Av(w)| = ﬁ’ (20)
Ay (w)| = Ao (21)

VI jwr|
As [Av(w)] > [Aj(w)| always, the far-field transition occurs when r > |Ay(w)| and the
near-field transition occurs when r < |\j(w)|. As pulse widths become shorter, and so
the dominant temporal frequencies in spectrum of the pulse get higher, the magnitudes
of Av(w) and Aj(w) both decrease. Consequently, the transition points for near-field
and far-field also decrease (i.e. move nearer to the electrode).

The implication of this for neural stimulation is that pulse duration can affect
spatial characteristics of excitation, such as the degree of anisotropy (see discussion
in the previous subsection). Conversely, properties of stimulation that are normally
considered to be temporal, such as strength-duration curves, can have a dependence of
electrode-neurite separation.

3.4. Comparison of the longitudinal and transverse components

Figure 12 shows the transverse-to-longitudinal ratio of the maximum depolarisation
along a fibre as a function of the electrode-neurite separation for the standard stimulus
at the end of the cathodic phase. Broadly, this figure shows that the longitudinal mode is

26



-CC | | -CC
o ANF-V o ANF-J

-a- AFF-J /
1ISO-J ,

Max Max
mef / Vm,L

-2

10 ‘
10°

10° 10" 10° 10°
rpm] rpm]

Figure 12. The ratio of the maximum transverse depolarisation to the maximum
longitudinal depolarisation for the four models described in this paper. Results for
(a) voltage boundary conditions and (b) current density boundary conditions.

comparatively the largest for electrode-neurite separations less than a couple of hundred
micrometers (for a pulse width of 100us). The dominance of the longitudinal model is
greatest for separations in ranges of tens of micrometers, corresponding to the mid-
range. The transverse mode is comparatively larger in the distant far-field, correspond
to separations approaching or exceeding a millimeter.

Interestingly, the ratio for all four models converges to a similar value in the near-
field for voltage boundary conditions but not in the far-field. The opposite is true for
current density boundary conditions: the ratio converges in the very far-field limit but
not in the near field.

Figure 13 shows the relative magnitude of the transverse to the longitudinal
components of the membrane potential for different pulse durations, 7,, and different
electrode-neurite separations,r. The composite model is used to compare the magnitudes
of these two components. The black line marks the unity ratio. For any values of
r and 7, located above the unity line the transverse mode is the dominant mode of
stimulation. This figure illustrates that as the pulse duration decreases, or alternatively,
as the electrode-neurite separation increases the transverse mode of stimulation plays a
more significant role in stimulating the neurite. The red dash-dotted line indicates the
ratio of 10 and the blue dashed line indicates the ratio of 0.1 (the latter meaning that
the longitudinal mode is dominating the transverse mode by a factor of 10).

3.4.1. Discussion of the results The composite model suggests that the transverse
mode is the dominant mode of stimulation in the far-field limit. On the other hand,
in the mid- and near-field range, the longitudinal component is the dominant mode of
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Figure 13. Relative magnitude of the transverse component to the longitudinal
component for different pulse durations, 7,, and different -electrode-neurite
separations,r, using the composite model. The red, black and blue lines indicate ratios
of 10, 1 and 0.1 for the maximum transverse to the maximum longitudinal membrane
potential component, respectively.

stimulation. This is broadly consistent with previous theoretical work examining this
issue [15,33]. This result is not consistent across all models presented here as a function
of boundary condition type. Thus, a clear prediction on this issue is only possible with
the composite model.

Some caution is required in interpreting this result, because the transduction of
the passive (subthreshold) membrane potential into an action potential has not been
modelled here. The thresholds for spike initiation may differ for the longitudinal
and traverse modes of stimulation, thus further work is required to clarify this
result (see [34]).

3.5. The time behaviour of the fibre response can be significantly affected by the
temporal filtering of the tissue in the composite model

To inspect the time behaviour of each model during and after the stimulation period,
we plotted the membrane potential for each model under voltage and current density
boundary conditions for » = 50um. In order to provide more insight to the time
behaviour of the membrane potential, we applied cathodic first biphasic stimuli with
three different pulse durations, 7, = 10us, 7, = 100us and 7, = 1ms.

3.5.1.  Longitudinal mode of stimulation The time behaviour for the longitudinal
component of stimulation is shown in Figure 14. We have normalised the membrane
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Figure 14. The time behaviour of the normalised longitudinal mode of stimulation
under voltage boundary conditions for the four models described in the paper. The
applied stimulus is a first cathodic biphasic pulse where the pulse duration is (a) 7, =
10us, (b) 7, = 100us and (c) 7, = lms.
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potential for each model,;so that the waveforms of all models can be compared more
easily.

3.5.2. Transverse mode of stimulation Figure 15 shows the time behaviour of the
transverse component of stimulation for three different pulse duration, (a) 7, = 10us,
(b) 7, = 100us and (c) 7, = lms. Given that for standard models the tissue is purely
resistive, the transverse component follows the stimulus in time as shown in Figure 15.§
However, the capacitive behaviour of the tissue is reflected in the transverse mode of
stimulation for the composite model. For short pulses, the electric impedance of the
capacitor is small and, therefore, the transverse mode response is more resistive and
follows the stimulus in time as illustrated in Figure 15(a). On the other hand, for long
duration stimulus, the electric impedance of the capacitor is large and, therefore, the
transverse mode response in time is over-damped as demonstrated in Figure 15(c).

3.5.8. Discussion of the results An important feature present in the response of the
composite model and partially in its far-field limit is its behaviour during the anodic
phase of stimulation. In contrast to the isotropic volume conductor model that the
longitudinal membrane potential follows the stimulus waveform in time, for short pulse
durations there is no hyperpolarising effect in the second phase of stimulation when
the composite model is applied. For intermediate pulses, the hyperpolarising effect is
negligible. Moreover for all pulse durations the composite model response experiences a
lag in the membrane potential response due to the capacitive features that are considered
for neural tissue in this approach compared to other models for tissue that are purely
resistive.

4. Discussion

We presented simulation results for a point source stimulus in neural tissue with typical
parameters. We compared the result of the composite model to standard volume
conductor models and showed how the spatio-temporal pattern of stimulation differs for
each model. Modeling extracellular electrical stimulation and estimating the resultant
neural activity have been studied by many researchers in the field [6-8,14,15,33,35-44].

Isotropic monodomain, anisotropic monodomain, and anisotropic bidomain models
to estimate the extracellular potential under a point source stimulation for a fibre bundle
was studied by Altman and Plonsey [8,14,45,46] for a fibre-bundle. Their bidomain
model results demonstrate a considerable difference with the isotropic volume conductor
model. The passive version of their model is formally equivalent to the composite
volume conductor model used here for the case of tissue composed of identical parallel
fibres (see companion paper [16]). The results present in this paper confirm their earlier
conclusions that the confined extracellular space has significant impact on the spatial

§ The ringing effect in the transverse mode is due to numerical errors associated with discrete inverse
Fourier transform calculation (Gibbs phenomenon).
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profile of neural activation in a fibre-bundle compared to standard models. They also
extend their model considering non-steady state behaviour (i.e. stimulation pulses of
finite duration), by providing a description of the transverse mode of stimulation and
by clearly describing the near- and far-field limits of these models (corresponding to
the “mono-domain” and “modified mono-domain” models in [46]). More generally,
the modeling framework described in [16] generalises the bidomain model in [14] to
multidomain models that apply to situations in which the tissue comprises arbitrary
mixtures of neurites with different orientations, sizes and electrical properties. It also
provides an equivalent volume conductor description for these more complex tissue types
by introducing a single aggregate admittivity kernel relating the extracellular current
density and potential.

It was shown in [40,47] that anisotropy of fibre bundles should be considered in
finding the current spread in tissue as a result of electrical stimulation. Therefore, it
was suggested that both intracellular and extracellular volumes should be modeled by
conductivity tensors. They have used experimental data to model the conductivity of
the tissue. In this paper, we calculated the elements of the admittivity tensor from
the microstructural properties of the tissue. Therefore, our model incorporates the
anisotropy of neural tissue.

In [43], the permittivity of the tissue is taken into account for estimating the
extracellular potential. In particular, a dependence of the permittivity on temporal
frequency is introduced. Simulation results show that there is a clear difference between
the extracellular potential calculated for purely resistive tissue and tissue with capacitive
features (see Figure 2 in [43]). They solved an inhomogeneous Helmholtz equation
to compare the extracellular potential to the quasi-static solution (isotropic volume
conductor model). Their simulation results show up to 13% difference between the
two solutions. This agrees with the composite model, which has non-instantaneous
properties and takes into account the capacitive properties of the tissue. In addition,
the admittivity tensor for the composite model introduced here has a dependency of
spatial frequency that is not present in [43].

The ‘whole finite element approach’ is introduced in [44], which considers the
presence of the neurite in estimating the membrane potential. They compared the
whole finite element approach to the two stage or hybrid model and demonstrated that
the finite element model provides a more detailed description of the membrane potential.
This is in agreement with the composite model results, which show that considering the
presence of the neurite alters the response of the neurite compared to a standard volume
conductor model.

5. Conclusion

In this paper, we considered how the cellular composition of tissue effects the spatio-
temporal response of neural tissue under extracellular electrical stimulation. This
was done by comparing the response of a non-standard volume conductor model
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derived in [16] to three standard volume conductor models for the case of point source
stimulation of a bundle of tightly packed parallel fibres. The non-standard model,
termed the cellular composite model captures the effects of the cellular composition to
tissue in detail, whereas the standard models provide approximations in either near-
or far-field, or do not attempt to capture these effects except in a crude fashion (the
isotropic model). The main conclusions are as follows:

e Only the composite model provides a self-consistent prediction for the subthreshold
membrane potential over the full range of electrode-neurite separations. That is,
only the composite model predicts the same membrane potential, regardless of
whether the extracellular voltage or the extracellular current density from Stage 1
of the model is used as a boundary condition in Stage 2. The near- and far-
field models are self-consistent in the near- and far-fields, respectively. Other than
this the standard models give different predictions that can differ from the cellular
composite model and from each other by several hundred percent. Consequently the
cellular composite model should used whenever a large range of electrode-neurite
separations are of interest. When the only separations of interest are either close
to or far from the electrode, then an anisotropic volume conductor model is a good
approximation.

e The cellular composite model interpolates between the near- and far-field
approximations. The transition to the near-field occurs when the electrode-neurite
separation r < |\j(w)| (= frequency-dependent effective electronic length constant
for current density boundary conditions). The transition to the far-field occurs when
r > |Ay(w)| (= equivalent for voltage boundary conditions). Thus the transition
points depend on the pulse duration through its spectral frequency content, and
can vary from 10s of microns for high frequencies to many hundreds of microns for
low frequencies [48].

e In the near-field the effective conductivity and degree of anisotropy is lower and
than in the far-field. This is because the current is forced to pass through the
confined extracellular space in the near-field, but can access the low resistance,
longitudinally oriented intracellular space in the far-field.

e The longitudinal component of the subthreshold membrane potential is greater
than the transverse component in the near- and mid-field, whereas the transverse
component is greatest in distant far-field. Further work is required to determine if
this result applies to the supra-threshold spiking activity of neurons.

e The temporal filtering properties of the tissue in the composite model can
significantly alter the waveforms for the subthreshold membrane potential relative
to standard models.
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Appendix A. Why standard volume conductor models result in inconsistent
membrane potential?

In [17,18], we derived two sets of equations for the membrane potential under current
density and voltage boundary conditions from Maxwell’s equations. These equations
for the longitudinal and the transverse components are summarised in Table 2 of
this paper. Given that the membrane potential must be the same regardless of the
type of the boundary conditions used, we showed that the longitudinal and transverse
components of the extracellular potential and current density should satisfy the following
equations (trans-impedance of the neurite plus thin extracellular sheath)

C2p (14 kA% (w)
k20 \ 1+ k2X\3(w)

Transverse: Ver(kzyw) = —Re s (1) Jor(k,,w). (A.1b)

Longitudinal: f/e,L(kz, w) = ) Jce,L(k:Z, w), (A.1a)

Therefore, by considering the neurite alone (regardless of the surrounding tissue), if
one stipulates V., on the boundary of the neurite, then J, is fixed as well and vice
versa. An isotropic volume conductor will give a solution that for V, and .J, will not
satisfy the above equations as these equations are different in the longitudinal versus
transverse directions. More generally, the volume conductor model will give V, and J,
satisfying these equations, if and only if, the transimpedance of the volume displacing
the neurite in the volume conductor matches the transimpedance of the actual neurite
in the longitudinal and transverse directions, as given by Equation (A.la).

In [16], we derived the composite model that takes into account the presence of
the neurite. In this paper, we showed that the Anisotropic Near-Field (ANF) and the
Anisotropic Far-Field (AFF) models of neural tissue extracted from the composite model
result in consistent membrane potentials when the electrode-neurite separation is small
or large, respectively.

Appendiz A.1. Analogy example

Consider the electric circuit shown in Figure 1(a) where Ry is a nonlinear resistor
where its voltage, Vg, and current, I, , are related through Vi, = f(Ig,) in which
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Table A1l. Duality table for neural tissue and the electric circuit shown in Figure Al.

Neural Tissue

Electric Circuit

The trans-impedance of a neurite
(Equation(A.1a))

Nonlinear resistor (Ry)

Conductivity of isotropic tissue

Linear resistor (Rr)

Current point source (I)

Voltage source (V;)

Voltage boundary condition on the
neurite (V)

Voltage across the resistor (Vg,)

Current density boundary condition on
the neurite (J,)

Current passing through the resistor
(I Ry )

Membrane potential (V;,) for current
density or voltage boundary conditions

Power dissipated by the resistor (Py
or Pv)

Figure A1l. The electric circuit for the analogy example. (a) Circuit with a nonlinear
resistor and (b) the simplified circuit to calculate the voltage or current of the nonlinear
resistor by replacing Ry with the linear resistor Ry. The duality relation between this
circuit and neural tissue is given in Table Al.

f(+) is a nonlinear function. It should be noted that in subthreshold models including
two-stage volume conductor model there is no nonlinearity in any stage of the model.
Here, we introduce nonlinearity to give a non-trivial electric circuit example. This is the
dual of the trans-impedance of the neurite indicated by Equation (A.la) and does not
mean that neural tissue in our model is nonlinear. We mainly want to emphasis that
it is complicated. The objective is to calculate the power dissipated by the nonlinear
resistor, Ry. The duality relation between this example and neural tissue is given in
Table Al.

Similar to neural tissue, for simplicity, one may decide to solve the problem in two
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stages. In Stage 1, the nonlinear resistor is replaced by Ry (Tissue resistivity) as shown
in Figure 1(b) to calculate the voltage across this resistor or the current passing through
it. In Stage 2, the power is calculated for the nonlinear resistor.

In Stage 1, we calculate Vg, to be

(A.2)

where V{ is the magnitude of the voltage source. In the second stage, the dissipated
power for Ry using the calculated voltage is

Ve 1%
Py =VayIny = 17 (=) (A.3)
3 3
where f~'(-) is the inverse function of f(-).
Alternatively, we can calculate I, in Stage 1,

Ip. = — A4
By = 3R, (A4)
and use current to find the dissipated power,
Vo Vo
Pr=Vi Ip., = — ) —. A.
1= Vaylny =/ <3RT) 3Ry (A-5)

The calculated Vz, and Iy, in the first stage satisfy Kirchhoft’s voltage and current
laws and in the second stage we used the same equation to calculate the dissipated
power. However, the calculated powers using voltage or current from the first stage
are inconsistent, Py, # P;. Moreover, both are incorrect values for dissipated power.
For the same reason, when a neurite is replaced with an isotropic volume conductor to
calculate the extracellular voltage or current density, the resultant membrane potential
is inconsistent depending on the type of the boundary conditions used, and both are
inaccurate.

Appendix B. Calculating the membrane potential

By substituting the continuity equation into the constitutive equation in the Fourier
domain, we obtain

0 . _0‘Z(w,y,kz,aJ)
S o gC’T AO 0 . Oz
V- £V, = g 1 0 €e7T A 0 8K(x,y,kz,w)
é‘g 0 0 &plk,w) Ay
] z i ]kz |
o (Vg ke w)  PVi(wy ki w)) 2 :
_ (el ykew)  OVlr k) ¢ e =0, (B)
0w 0y
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which in cylindrical coordinates may be written as

s 190 8‘2(73 kzaw) % 9 < B
S (r ar< T)) — &bz w) kS Ve(r k., w) =0, (B.2)

or, equivalently,

o ° k., ¢
PVelr kzyw) | 1OVe(r ke w) ok, ) k2 Vel k., w) = 0. (B.3)

or? T or £ o

The above equation is the Modified Bessel’s Equation with n = 0. Therefore, the general
solution can be expressed by

Vel k) = A(k) To($(ke, @)rlka] ) + B(k) Ko(X(kaw)rlkel),  (BA)

where

and Iy and K, are the zeroth order of the modified Bessel’s functions of the first
and second kind, respectively. The coefficients A(k,) and B(k,) are constants to be
determined. Given that I is unbounded as r — oo, therefore A(k,) = 0 for all values
of k.. Assuming that the current source is surrounded by an infinite cylinder, we may
write

I(w) = 7{.] ds—/ / (r,z,w) nrdzd@—/ rd@/ o(r, z,w) - ndz

=271V 7r7’Je(7°, k.,=0,w) -n

(B.6)
Taking into account that
2 2 2 2 XZ k.
Je(ra k’Z,W) ‘n :_€e7Tv‘/;a(ra kz>w) = e,Tw
=—B(k.) & r X (ks ) ke | Kp (X (ks w)rke])
(B.7)
and, therefore,
P ke = 0,0) 0= Jim ~B(k) € X (e 0)r ] K (R (ke 0)rlh]) = BO)Eyr.
(B.8)

Thus, B(0) is calculated to be

I(w) [2
B(0) = — —. B.9
) MS&T\ﬁ (B9

Therefore, f/e(r, k.,w) is given by Equation (6).
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Appendix C. Near-field and far-field approximations

Given that J. and VV, are both odd functions in terms of z and both are absolutely
integrable, their Fourier transform can be expressed in Laplace domain. For a general
case when h(z) = g(z) * f(z), in the near-field approximation, the objective is to find a
g~" for small values of z such that

o llmz_>0 h(Z)

W= ———= C.1
9 = e 1(2) (C1)

Using the initial value theorem in Laplace domain [49] results in
we Mo h(2)  limg oo sH(s)  limg o sG(5)F(s) (C.2)

Climao f(2)  limyeosF(s)  limg_,eo sF(s)

where H(s), G(s) and F(s) are Laplace transforms of h(t), g(¢) and f(t), respectively.

Given that lim ( fi(z) - fo(x) ) = lim fi(x) - lim fi(z), therefore,
T—a z—a z—a

g"" = lim G(s), (C.3)

S§—00

where in the Fourier domain translates to

@ = lim G(jk.). (C.4)

k,—o00

The same argument is valid for the far-field limit if the final value theorem [49] is used.
It should be noted that the 1/27 factor in Equation (1a) does not affect the above
argument.
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